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lO ■ Introduction 

Let be a finite dimensional simple Lie algebra and the corresponding affine 
Kac-Moody algebra. The notion of the fusion in the category O of representations of 
affine Kac-Moody algebras was introduced ten years ago by physicists in the framework 
of Conformal Field Theory. This notion was developed in a number of mathematical 



^ ! papers (see, for example, [TUY]), where the notion of fusion is rigorously defined and [Dl] 
^ ■ where the relation between the fusion and quantum groups in the quasiclassical region 
2 ■ was established). This line of development was extended in [KL] to a construction on 
! equivalence between the "fusion" category for an arbitrary negative charge and the category 
of representations of the corresponding quantum group (for simply-laced affine Kac-Moody 
algebras) . 

l> , It is natural to try to define the notion of fusion for the category O for affine quantum 

^ I groups. One can hope that it might be useful for a deformed CFT (see [FR]). The usual 
construction does not work since it is based on the existence of a subalgebra F C x C5 x (J5 
which is a central extension of the Lie algebra F(P^ — {0, 1, oo}, (5). Unfortunately such 
subalgebra F does not have a natural generalization for the quantum case (see [D3] where 
the problem was stated). 

In the remarkable paper [FR], I. Frenkel and N. Reshetikhin found a way to describe 
the fusion between finite- dimensional representations and representations from the cate- 
gory O for affine quantum groups. In the present paper we reconsider this problem from 
the point of view of [KL]. Our main result is the construction of the quasi-associativity 
constraints (see Sect. 3 and 5). Main phenomena which should be mentioned in connec- 
tion with the problem are the appearance of elliptic curves instead of genus zero curves 
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and Z-sheaves instead of bundles with flat connections. From a general point of view 
this reflects the fact that the categories we are considering do not carry monoidal struc- 
ture. Nevertheless those categories of representations of affine quantum algebras carry 
some other interesting structures discussed in Sect.l in the general situation. These struc- 
tures explain the categorical meaning of the so-called quantum Knizhnik-Zamolodchikov 
equations introduced in [FR] . Among other results we can mention meromorphicity of the 
quantum i?-matrix for any two finite-dimensional representations (see Sect. 4) which has 
also general categorical origin. 

Acknowledgements. It is a pleasure for us to thank P. Deligne, V. Drinfeld, P.Etingof 
and N.Reshetikhin for the useful discussions on the topic. Y.S. is grateful to the De- 
partment of Mathematics of Harvard University, the Institute for Advanced Study and 
the Max-Planck Institute fur Mathematik for the support and hospitality during various 
stages of this work. 
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§1. Monoidal categories 



1.1 Definitions and basic properties. 

1.1.1. Definition. A monoidal category C is a triple C = (C, ®, a) where C is a category, 
® : C X C C is a functor and a is the natural transformation between the functors 
(8)((g)xic?) and (8)(i(ix(8)) fromCxCxC toC, a = {ax,Y,z ■ {X^Y)^Z — > X^{Y^Z)}, 
X, Y, Z in C such that all ax,Y,z ^ire isomorphisms, the pentagon axiom is satisfied, and 
there exists an object U in C and an isomorphism u : U ®U -^U such that the functors 
X ^ X ®U and X ^ U ® X are autoequivalences of C (see [DM]J. We call such a pair 
{U, u) the identity object of C. (It is clear that the identity object is determined uniquely 
up to a unique isomorphism.) 

Let C = (C, (8), A) be a monoidal category, and (U, u) the identity object in C. 

Lemma, a) For any object X in C there exist unique isomorphisms rx '■ X^^X U, 
£x ■■ X ^ U X such that 

ax,u,u ° {rx ®idu) ='idx ®u and idu ® ^x = au,u,x o {u® idx)- 

b) ru = u. 

c) For any morphism a :Y ^ X inC the diagrams 

Y ^ X Y 

[ry irx [ir 

Y(^U ^ X^U U^Y 

are commutative. 

Proof: Well known. (See [DM].) 

1.1.2 Definition. We say that a monoidal category C — (C, ®, a) is strict if for any 
X, Y, Z in C we have (X i^Y) ® Z = X ® (Y ® Z), ax,Y,z = Id, there exists an object 1 
in C such that 1.<®X = X<®1. = X for all X in C, and for any X, Y in C the composition 

x®y = (x®i)®y = X(8)(i®y) = x®y 
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X 

U®X 



is equal to idx^Y- 

Mac Lane's theorem says that any monoidal category is equivalent to a strict one 
(see [M, Chapter 7]). To simphfy formulas we will from now on assume that all monoidal 
categories are strict. We will also assume that the category C is abelian, contains inductive 
limits and that (8) is an additive exact functor. Let Fc '= End^l). It is easy to see that 
Fc is a commutative ring and for any X,Y in C the group Hom^X, Y) has a natural 
structure of an F^-module. 

From now on we will denote the category C simply as C. We hope that this will not 
create any confusion. 

1.1.3. Assume until the end of this section that Fc is a field. Any Fc-vector space R 
can be written as an inductive limit of finite dimensional spaces R = limi?j. We define 

def 

Rc = liuiRi (g) 1. It is clear that the object Rq in C does not depend on a choice of a 
presentation R = limi?j. 

We denote by Vecc the category of F^-vector spaces and for any object X in C we 
denote by Lx the functor from Vecc to itself such that 

LxiR)=^ Home (X.Rc) for all R e Vecc . 

It is easy to see that the functor Lx satisfies the conditions of Theorem 5.6.3 in [M]. 
Therefore the functor Lx is represent able. 

Definition. We denote by {X) the object in Vecc which represents the functor Lx- 

As follows from the definition of {X) , for any X in C we have a natural isomorphism 
{Xy ^ Homc{X, 1) where = Hom{L, Fc) for any L in Vecc. 

1.1.4. Let C be a strict monoidal category. We denote by C the set of isomorphism classes 
of objects in C. For any X in C we denote by [X] e C the equivalence class of X. 

Definition. We say that an object X in C is rigid if there exists an object Y in C and a 
pair of morphisms 

ix X^Y ex -.Y^X ^1 
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such that the compositions 

X = 1 ® r^^'x ® y ® x^'^-^^x 

Y = Y(^ t'^-^^Y ® X ® y^^V 
are equai to idx and idy correspondingly. In this case we say that Y is dual to X. 

It is easy to see that such a triple {Y,ix,ex) if it exists, is unique up to a unique 
isomorphism. For any rigid X in C we denote by [X] * e C the isomorphism class of objects 
Y as in Definition 1.1.4. 

1.1.5 Definition. We say that the category C is rigid if all its objects are rigid and for 
any [Y] in C there exists X in C such that [X]* = [Y]. 

If C is a rigid category, then there exists an equivalence * : C — > C"^ of categories such 
that X* is dual to X for aU X in C, a e Homc(X, Y) the morphism a* e Home (F*, X*) 
is the composition 

Y* ^Y*^ j^id®ix^* ^ ^ ^ ^*id®a®id^, ^*e^d^ ® X* = X*. 

Moreover, such an equivalence is unique up to a unique isomorphism. 

We will fix such an equivalence between the categories C and C°^. Then the functor 
X — )• X** is an auto-equivalence of C. 

1.1.6. Example. Let (if, m, A, i, e, S) be a Hopf algebra over a ring F, Ch be the category 
of ff-modules X = {px,X_) and (g) : Ch x Ch ^ Ch be the tensor product over F. That 
is, X0Y = ((px®Py)o A,X(8)y), and 1 =^ {F,e). Then (Ch,®, 1) is a strict monoidal 
category. In this case, Fc = F. 

Let Hq G H he the kernel of the counit e. For any X = {pxt20 hi Ch we define 
'^{0) Px{Hq)X_. Often wc will write X(o) instead of X^^y In the case when F is a field, 

def 

we can identify (X) (see Definition 1.1.3) with the quotient (X) = X/X(o). 

Assume that F is a field. An object X = {pxiK) is rigid if dimj?X < oo. In this case, 
X* = {px*,X*) where X* =^ X^(= RompiX, F)), and px*ih) = (pxiSih)))*, where for 
any a E End X we denote by the endomorphism of X^ dual to a. In this case, the 
morphism ex : X* ® X — 1 is induced by the natural pairing X* (8> X — >^ F. This pairing 
defines a canonical isomorphism of the linear space X** with X and the action px** of H 
on X** = X is given by the rule px** (h) = p{S'^{h)). 
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1.1.7 Proposition. For any X in C and cp e Hom{X, X) the diagrams 

1 — — > x^x* x*®x -^fl^i^ x*®x 

ix 

X®X* ) X®X* X*®X "-^ > 1 

are commutative. 

Proof: We prove the commutativity of the first diagram. The proof of the commutativity 
of the second diagram is completely analogous. 
Let 

a =^ (8) idx*) o ixi b =^ {idx o ix & Homc{Ti.,X X*). 
By the definition of ix and ex, a is equal to the composition 

But the composition (ix (S> idx(^x*) ° ® idx*) is equal to the composition 
{idx^x* ® ^ ® idx*) ° {ix ® idx^x*)- Since the compositions 

aii, X®X* !^£^£:^ X®X*® X ® X* and 1^ x®x* x®x*®x®x* 
are equal (and both coincide with the composition 1 = 1®! X (g) X* ® X ® X*) 

we see that a is equal to the composition 

1^ X®X* '^5^51^ X^X*^X^X* ^^-.^£1^-* X^X*^X^X* ^'^ii^fil^* 

But the composition of the last three arrows is equal to 6 = idx ® (fi*. Lemma 1.1.7 is 
proved. 

1.1.8. For any X, y in C the morphisms i, e defined as the compositions 

i : l^X (8) X* = X ® 1 ® X* ^d0»y0id^ ^^ (g)Y)(g) {Y* ® X*) 

e : (r* (g) X*) (X ®1®Y = Y*® Y^l 

satisfy the conditions of Definition 1.1.4. Therefore they define isomorphisms of {X i^Y)* 
with Y* (8) X* such that i = ixigiY and e = exigiY- We will freely use this identification 
and will therefore identify the second dual (X (g) Y)** with X** (g) Y**. 

Remark: As follows from ([DM], 1.17) the rigidity of C implies the semisimplicity of 1. 
We will always assume that 1 is simple. In this case Fc is a field. 
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(fi ® id 



ex 



1.1.9. Definition. Let C be a monoidal category, V <z C a full monoidal subcategory 
such that any object of V is rigid. 

For any V, W in C and X, Y in V we define the maps : {V ^ Xy {X** O Vy 

and 

ify;^ : Homc{V ®X,Y^W)^ Homc{Y* ®V,W0X*) 

as the compositions 

:{V(^Xy = Homc{V®X,TL) — > Homc{X** ^ V ^ X ^ X* , X** ^ X*) 
id.^_*^v^.* iyomc(X- ® F, 1) 

= {X** ®vy. 

<Pv'^{a) ■.Y*®V '"^-^ Y* ®V®X®X* '"^^'"^ Y* ^Y ^ X* ^ W ^ X* 

for aU a e Home{V (8) X, F (g) W). 

Remark: We will write (fy'^ instead of (fyy. 

Lemma. If Fc is a field, then there exist Fc-linear maps /?^** : {X** ® V) (V^ (g) X) 
such that ay = (/?^*«)^. 

Proof: For any R in Vecc we can define a F^-linear map ay(R) : Hom,{V X, Rc) 
Hom,{X** ®V,Rc) exactly in the same way as we have defined the map ay. Then maps 
ay{R) define a morphism from the functor Ly^x to the functor Lx**®v- The corre- 
sponding morphism between the representing objects is (3\. 

1.1.10. For any V in C we denote by By the ring of endomorphisms of V and by By* the 
opposite ring. If V is rigid, the map f ^ f* defines an isomorphism of By with B^^ . 

Lemma, a) The linear maps ay , (3x** V^v w isomorphisms. 

b) For any V in C, X,Y in V the linear map a^'^'^'^ is equal to the composition 
<^Y**®v ° <^V(g)X f^{X0Y)** equal to the composition o /?^»*®^. 

c) For any fx e Bx, Jy e By, fw e Ew,fv e Ey and a e Homc{V ® X,Y ®W) 
we have 

'Pv^wiify ® fw) oao{fy(^ fx)) = {fw fx) ° fv^wi^) ° ifY ® fv)- 



Proof: a) Consider the map from {X** (S)Vy to {V Xy defined as the composition 

{X** ®Vy ^ Homc(X** ® V", 1) — ^ Homc(X* ® X** O ]/ ® X, X* O X) 
^^1^!^^^" Homc(F®X,l) 

= {v^xy. 

As follows immediately from Definition 1.1.4, this map is the inverse to ay. The construe- 
tion of the inverse to (py'^^ is completely analogous. 

b) Follows immediately from the definitions. 

c) We have to show that for any a G HomciV ^ X, X ^ V) the following equalities 
hold: 

i) Vv'wi(^ ° ifv ®idx)) = (py^^{a){idY* ® fv) for any fy e Ey 
u) (Pv^{a o {idw ® fx)) = (idw ® fx) ° fo^' fx ^ Ex- 

i") 'Pv'wii'^dy ® fw) oa) = {fw ® idx*) o <Pv'wi^) 

iv) -y^vVll/y ® «<^iy) o o) = y'l/.Wla) ° ify <^idv)- 

The proofs of i) and iii) are straightforward. We will show how to prove ii). The proof 
of (iv) is completely analogous. 

By the definition the map ipy'-^ia o (^idy ® fx)) is equal to the composition 

Y* <»V Y* (^V ^ X ^ X* Y* ®V ® X ® X* 



'd^'^^'d ^ Y*(^Y(^W®X* "^^^^^ ) W ® X*. 



As follows from Lemma 1.1.7 a) this composition is equal to the composition 



y* (g) y ^ Y* ®V ^ X ^ X* H> r * (g) V (g) X (g) X' 

y * (g) y ® (8) x*''^" (g X* 



But the last composition is equal to {idw ® fx) ° fv'wi^)- 
Lemma 1.1.10 is proved. 

1.1.11. Let H he a, Hopf algebra, C = Ch, X — {px,20, Y = [pv-, Y2) be i/-modules such 
that dimcX < oo. 

Let Py : X_®V_^ V_® X_he the permutation Py [x ® v) = v ® x. We can consider 
Py as a linear map from X** ®V_ioV_® X^. 



1.1.12 Lemma. Py maps the subspace {X** (g) T^)(o) into {V (8) -^)(o) 3.nd induces the 
hnear map from {X** <S) V) to {V (g) X) equal to Px** ■ 

Proof: Let (Py )* : (V^X)* {X**®V)* be the linear map dual to . It is sufficient 
to show that for any A e {V ® X)^ C (V^X)* we have (P^)*(A) = (a^)(A). 

Consider first the case when V = X* and X = ex- It is easy to check that a^* (ex) = ex* 
and the validity of Lemma 1.1.12 follows from definition of ex- 

For any A e {V (S> Xy = Homcj^ (V (g) X, 1) we have A = o ( A (g) idx) where 
A G Homc^ {V,X*) and Lemma 1.1.12 follows from the functoriality of ay and Py . Lemma 

1.1.12 is proved. 

1.1.13 Definition. A strict endomorphism T of C is a functor from the category C to 
itself such that 

a) r(i) = 1, 

b) T{X<SiY) = T{X)®T{Y) for all X, Y in C and those identifications are compatible 
with morphisms in C, and 

c) for any rigid object X in C we have T{X*) = (T(X))*, 

d) T{ix) = ir{x),T{ex) = er(x)- 

We say that T is a strict automorphism if it is an equivalence of categories. 

If T is a strict automorphism of C, then for any X in C, T defines an isomorphism 
from Homc(X, 1) = (X)^ to Homc(r(X),l) = (T(X))^. It is easy to see that this 
isomorphism (X)^-^ (T(X))^ comes from an isomorphism (X)^^ (T(X)). 

1.1.14 Example: For any rigid monoidal category V the functor X — > X** is a strict 
automorphism. We denote the inverse to this automorphism by Zi.. It is clear that any 
strict automorphism T of V commutes with %. 

1.1.15 Remark: We can interpret the linear map defined in Lemma 1.1.9 as the linear 
map from (X (g) V) to {V ® %{X)). 

1.1.16. Let C be a monoidal category, V and O full subcategories of C such that V is rigid 
and T a strict automorphism of T>. 
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Definition. A right T-braiding ofVonO is a functorial isomorphism 



sv,x--V^X^ T{X) ® V, 



deGned for all V in O and X in V such that sv,i. = idy and for all X, Y in V we have 



sv,x®Y = {idr{x) ® sv,y) o {sv,x ® idy). 



1.1.17 Proposition. For any X in V and V in O the diagram 

nxY®V®X ^^Ilfl^ T{X*)®T{X)®V 



v®x*®x 



er(x) 



ex 



V 



is commutative. 



Proof: As follows from the functoriality of sy^x and the equality sy^i = id, the diagram 

V®{X*®X) ) {X*®X)®V 



ex 
V 



ex 
V 



is commutative. On the other hand, we know that 



sv,x*®x = {idr{x*) ® sy^x) o {sv,x* ® idx)- 



Therefore the diagram 



r{x)*®v®x 

sv,x* ® idx 
V®X*®X 



er(x) 



ex 



V 



is commutative. Proposition 1.1.17 is proved. 
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1.1.18 Proposition. For any V in O and any X in V 

'fv \SV,X) = Syx*- 

Proof: By the definition the map ipy''^^^\sv,x) e Homc{T{XY ®V,V ®X*) is defined 
as the composition 

T{xr®V ^!^^l^T{Xr®V®X®X'''^T{Xy®T{X)®V®X* ^^^^!li^V®X*. 
As follows from Lemma 1.1.17, this composition is equal to the composition 

As follows from the definition of rigidity, the composition of the last two morphisms is 
equal to Sy\,. Proposition 1.1.18 is proved. 

1.1.19 Definition. Let C he a strict monoidal category. A braiding s onC is a functorial 

system of isomorphisms sx,y ^ Isom{X (^Y,Y ® X) for X, Y in C such that 

a) for any X, F, Z in C we have 

sxi^Y,z = {sx,z ® idy) o {idx <S> sy,z), 
sx,Y^z = {idx <8) sx,z) o {sx,y <8) idz); 

b) sx,i = S]L,x = idx for all X in C. 



1.2 KZ -data. 

1.2.1 Definition. Let V be a rigid monoidal category. A weak braiding b = (T>^'^\ s) on 
V is 

(2) 

1) A choice of a subset T> ofVxV such that 

a) For any X, Y, Z in V such that {[X], [Y]), {[X], [Z]) are in V^^^ the pair 
{[X],[Y®Z]) is in V^^\ 

b) For any X, Y, Z in V such that ([X], [Z]) and ([F], [Z]) in V^^^ the pair 
{[X®Y],[Z]) isinV^^\ 
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c) (X, \)eV^ ' and (1, X) e \ for all X eV. 

2) A functorial isomorphism sx,y between the restrictions of functors 
{X, Y)^X Y, {X, F) ^ (F ® X) on g^ch that 
^) = sx,i. = id for all X e T> 

b) sx,Y®z = (ly <S> sx,z) o (sx,r <S> Iz) for all X,Y,ZeV such that 

{X,Y),{X, Z) ep(2) 

c) sx(g,Y,z = {sx,z ® ly) o {Ix ® sy,z) for all X,Y,ZeV such that 

{x,z),{Y,z)ev(^\ 

where we denote by V^"^^ the full subcategory ofVxVof pairs {X, Y) such that 

{[X],[Y]) ev^'\ 

1.2.2 Definition. A KZ-data consists of a monoidal category C, its full subcategories 
V^C^, strict automorphisms T± of V, right T± braidings s± of V on , and a weak 
braiding {T>^'^\ s) compatible with the automorphisms T±. 

1.2.3. We say that KZ-data (C, X',C±, s±, r±, P^^) j-igij p rigid. In this case 
we denote by T the automorphism of V which is the composition T = 717^7I|.. 

1.2.4 Definition. Let JC = (C, X>,C±, s±, T±, V^'^\ s) be a rigid KZ-data. 

a) We say that a pair (X, Y) e T> x T> is T -generic (or simply generic) if for any r e Z, 
(T'^(X),F) e V^^\ 

b) For any n e Z we denote by Sn = the set of n-tuples (Xi, . . . , X„) e such that 
all the pairs (Xj, Xj), 1 < i ^ j <n are generic. 

c) For any i, l<i<n — Iwe denote by Pi : S'^ S^-i ^he map 

(Xi, . . . , X„) — >• (Xi, . . . , Xi-i, Xi ® Xj-i-i, Xi_|_2, • • • , x„). 

d ) We define an action of the group on by the rule 

. . . , Xn) = (Xi, . . . , Xi_i, T(Xj), Xj+1, . . . , Xn), 

where 1 < i < n, is the standard set of generators of the group Z". 
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e) For any pair V e C'^ ,W e C and a point x = {Xi, . . . , X„) e Sn we deGne a vector 
space J-'y-lyix) = {V<S)Xi (g) • • •<S>Xn<S>W). We will consider J^lP^y as a set-theoretical 
vector bundle over S fl- 
it is clear that for any z, l<z<n — Iwe have a canonical isomorphism 

^(n) ~ */^(n-l)x 



1.2.5 Definition. We denote by On : Sn ^ Sn sin automorphism given by the rule 

On{Xi, . . . , Xn) = {X2, . . . , Xn, T{Xi)) 

and by dn its lifting dn '■ ^vw ~^ ^ni^vw) bundle defined as the composition 

0n ■• ^v^wi^) = {V ^ Xi ^ ■ ■ ■ ^ Xn ^W)) = {V ^ Xi ^W) ^ 
'^i(r+(Xi) ^V^Y^W) ^^'^ {V^Y^W^ %T+{Xi)) 

«W,X^(X,) ^y^y^ ^^^^^ ^^^^ J'^^ienix)) 

for all X = (Xi, . . . , Xn) G Sn where Y = X2 <Si ■ ■ • <Si Xn and the isomorphism 
: {Z ®U) ^ {U ® %{Z)) is deGned in 1.1.15. 

It is clear that Pn-i ° ^n — ^n-i °Pn-i- Since J^vw ~ Pn-ii^v^w^^) '^^ consider 
9^ and as automorphisms of .F^T^ lifting the transformation $^ of Sn- Anal- 

ogously for any z, l<i<n — Iwe can consider p*{9n-i) as an automorphism of J-y^w 
over 9n- 

1.2.6 Proposition. 

a) On commutes with endomorphisms ofY — Xi • ■ • ® Xn-i and for any endo- 
morphism a of Xn we have {9n o a) = T{a) o 9n- 

b) ^=K-l(^n-l). 

c) On = p*{9n-i) for all i, 1 < i < n - 1- 

Proof: Follows immediately from the definition and the properties of s± and s. 
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1.2.7 Definition. For any i, 1 < i < n we denote by Sf' : J^i^wix) Tl^{y{£i{x)) a 
lifting of Si to J^y-ly defined by a composition 

{V ^Xi^X+ ^X- ^W) {V ^X+ ^X- ^ T{Xi) ® W) 

for all X = (Xi, . . . , Xn) G Sn where X+ = Xi (g) • • • (g) Xi_i,X~ = Xj+i (g) • • • (g) X„. 

1.2.8 Proposition. 



Proof: a) For simplicity we consider the case i = 1. The proof in the general case is 
completely analogous. Let x = (Vi, . . . , Vn) G Sn- We define y = X3 (g) • • • (g) Xn. To prove 
a) we consider the composition 

5i'''^5[''\x) : ® Xi ® X2 ® y ® W^) ^ (y ® F ® r{Xi) ® T{X2) ®Y®W). 

Using the equality sx2®y,Xi = {sx2,Xi 8) idy) o {idx2 ^y,Xi) we can write this map as 
the composition 



{V0X2® T(Xi) ®Y®w) ^ {V® r(Xi) ® y ® r(X2) w) Ji:!^ 

By Proposition 1.2.6 a) this composition is equal to the composition 

(F ® Xi ® X2 (g) y (g) y ® VF) (F X2 ® y (g) r(Xi) ^w) 
y r(Xi) r(X2) ® w^) '"^'^'""^^ > {v ^ r(Xi) ^ y ® r(X2) ® w^) 

«y£(X2) ^ ^^^^^ ^ ^^^^^ ^Y^W) 

14 




c) If j < i, then 6f' = 

d) Ifj>i + 1, then 



Part a) follows now from Proposition 1.2.6 b) and the definition of weak braiding. 
To prove part b) we consider the composition 



-1 

S 1 



6f^6f\x) : {V 0Xi®X2®Y ®W) {V ®X2 0Xi0Y 0W) ^ 

— ^ (F (g) Xi y ® T{X2) (g) W) ^"^'^^""'^ ) {V0Xi0 T{X2) ®Y®W) 
{V ® T(X2) ®Y® T{Xi) ® W) ''^•^'"'^^ ) {V ® r{X2) ® T(Xi) (^Y(^W) — > 
STix^ix,)^^ (g) r{X2 ®Xi)®Y®W) ^^'""^'""^^ (V^ (8) T{Xi (8) X2) F W). 

It follows now from Proposition 1.2.6 a) that S^''S^\x) = Pi{S[^ ^^). 

1.2.9 Proposition. The isomorphisms sl""^ : J^^l, — > ^ii^^w), l<i<n commute. 

Proof: It follows from Proposition 1.2.8 that S^^^ and S^^'' commute. To prove that 
6^^2 ^i^^ commute we observe that (by Proposition 1.2.8) (^^^"2 and S^^'^^'' commute. 
Therefore 



By Lemma 1.2.8 we can rewrite this equality in the form 

xi-ri) An) _ 

(n) 

Since the transformation S-_\ is invcrtiblc and, by the same Proposition 1.2.8 it commutes 
with both dl^2 ^i^'' ^^^^ ^1-2 ^i^'' commute. Analogous arguments show 

that Sl^\S^^^ commute for all 1 < i, j < n. Proposition 1.2.9 is proved. 



1.3. A useful formula. 

1.3.1. Let {H, 1, £, m, A) be a Hopf algebra. Ho=^ kere C H and {H H)o d H ® H 
be the subgroup of linear combinations of elements of the form 

A(a;o)a, G -ffo, a&H®H. 

Let S be the antipode of H. 
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1.3.2 Lemma. For any x E H such that A{x) = 2_J^'r ® have 

r=0 

n 

a;(8)l = ^A(4)(l®^«))- 

r=0 

Proof: The right side is equal to {id®m){id®id®S){/S.®l)/S.{x) = {id(^m){id(S>id(S>S){l(S> 
A)A(a;). By the definition of the antipode this expression is equal to {id®e)A{x) = 1. 
Lemma 1.3.2 is proved. 

1.3.3 Lemma. For any x e H we have a; (8) 1 - 1 (8) S{x) e {H <Si H)q. 

n 

Proof: Since {e®l)A{x) = l®a; we can write A(a;) in the form A (x) = l^x + '^^x'^.^x" 
where x'^ E Ho,x'^ E H,l < r < n. Then it follows from Lemma 1.3.2 that 

n 

x0l^ ^A(4)(l®5«)) + 1(8)-S(a;). 

r=l 

Lemma 1.3.3 is proved. 
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§2. Quantum afRne algebras 



In this section we will use freely notations from [L]. 
2.1 Basic definitions. 

2.1.1. Let (/, •) be an affine irreducible Cartan datum and (A^,A, ( , )) be a simply 
connected root datum of type (/, •) (see [L] 2.1 and 2.2) which is an affinization of a finite 
root datum. Any such datum is either a symmetric root datum (see [L] 2.1) or is obtained 
as a quotient of a symmetric one by a finite group of automorphisms which preserve some 
special vertex (see [L] 14.1.5). We denote by io e / this special vertex. As follows from 
[L] 14.1.4 such a vertex is defined uniquely up to an automorphism of the root datum and 
(io-io) = 2. We define / =^ / — {zq}. (In the terminology of [K] we consider the non-twisted 
affine case). 

Let Z[/] ^ A be the group homomorphism such that i i — > i' for alH G / (see 
[L] 2.2.1). This homomorphism is not injective, it has a kernel isomorphic to Z. As follows 



from [K] 6.2 there exists a generator /^nj • % of this kernel such that = 1. We define 



Let A C A^ and A C A be the subgroups generated by elements i and i' correspond- 
ingly for i & I. Since rii^ = 1 we have a direct sum decomposition A^ = A^ © Aq which 
induces a direct sum decomposition A = 'A ® Aq, where Aq =^ {A G A|(z, A) = Vz G /} 
and 'A = A Q n A. Then A is a subgroup of finite index d in 'A. As follows from the 
definition of a root datum we have (z ■ z)(z, A') = 2(i ■ A) for all z G /, A G A^. The map 
A I — ^ A' defines an imbedding A^ ^ 'A and there exists unique symmetric bilinear form 
[ , ] : 'A x' A ^ 1/dZ such that [A', /i'] = (A • /i) for aU A, G A^. 

We denote by p' G 'A the unique element such that (^,p') = 1 for all i E I. Then 
[i', p'] = ^ for aU i G I. 

Remark: In the terminology of [K], A is the weight lattice, A^ is the coroot lattice, 'A is 
the weight lattice of finite-dimensional root datum (/,•). 




the dual Coxeter number as the sum 




subgroup generated by an element TiUi^^^i. 
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2.1.2. We fix a number q e C* such that |§1 < 1 and define q = q^'^^ , qi = qf(*'*)/2 for all 
i e /. 

For any n G N, i G / we define [n]i =^ q^-q-^ Wi' =^ ns=i['^]«- 

2.1.3. We denote by U the C-algebra generated by elements Fj, K^,i G /, G and 
relations (a)-(e) below. 

(a) Ko = 1, Kf,K^> = K^+f,', ^u, ^' e A"^ . 

(b) K^E, = q^^'^'^E.K^, z G G A^. 

(c) K^Fi = q-^i^^'')FiK^^i G / , ;U G A^. 

Ki — K-i 

(d) EiFj — FjEi = 5i j — —r^ for i,j G /, where 

Qi-Qi 

K±i = (i-i) . 

(e) {-lyE^P^EjE^^ = for all i^j el, where E^"^ =^ Ef/\p]i\ 

p+p'=l — 2i-j /(i-i) 

2.1.4. Let Z =^ JJ^iCj"^*. Then Z lies in the center of U we define U = U[Z] where Z is 
defined as a central element such that Z^^ = Z. 

def 

2.1.5. Let Ac* be the tensor product Ac* = A C* and A ^ Ac* be the imbedding 
induced by the imbedding Z ^ C* : n i — > q^ . We extend an imbedding Z ^ C* to an 
imbedding ^ C* in such a way that | i — > g*^. This imbedding defines an imbedding 
^A ^ Ac*. 

We denote the group structure on Ac* as +. The pairing ( , ) : A^ x A ^ Z, (//, A) i — 
(//, A) defines the pairing ^A^ x Ac* C* which we will also denote by (//, A) i — > (//, A). 
For any representation (p, V} of U and A G Ac* we define 
Vx = {ve V\Ki,v = ill, X)v} for aU /i G A"^. 

Definition. We denote by C the category of representations (p, ]£) of U such that V_ — 
V_^. For any commutative ring B containing C we keep the notation C for the category 

AeAc* 

of XJ B-modules (where Ub = U (8)c B) obtained from C by changing the scalars. 

For any complex- valued function F on Ac* and any V — (p, V_) in C we denote by F the 
linear endomorphism of V_ which preserves the direct sum decomposition V = ® agAc* 
and such that 
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F\v^ = F{\)Idv^ for all A e Ac*. 

For any V — ip,Y_) in C we define V_* as the direct sum V_* =^ ©aeAc* Hom(]/;^, C). 
Then V_* has a natural structure of a U-module. We denote this U-module as V*. By the 
definition V* belongs to C. 

In this paper by an expression "a U-module" we will always understand "a U-module 
from the category C" . 

2.1.6. For any 2; e C* we denote by Cz the full subcategory of C of representations 
(p,F) such that p{Z) = zldy- The full subcategory of Ci consisting of finite-dimensional 
representations is denoted by V. 

2.1.7. Let Ac* =^ A(8)C* and r : Ac* — > 'Ac* be the projection induced by the direct sum 
decomposition A = 'A © Aq. By the definition (z, A) = for alH e /, A e ker r. Therefore 
we obtain a pairing 'A^ x Ac* C* which we also denote as ( , ). It is clear that this 
pairing coincides with the restriction of the pairing ( , ) : ^A^ x Ac* C* to 'A^ x Ac*. 

The imbedding A ^ Ac* induces the imbedding A ^ Ac* . We denote by 6 the torus 
Ac* /A and by 11 : Ac* — > & the natural projection of Ac* to &. 

Definition, a) For any s E & we denote hy *C the full subcategory C of \J -modules (p, V) 
such that Vx = {0} ^^r all A e Ac* such that n(r(A)) ^ s. 

b) For any s E &, z E C* we define ^Cz as the intersection of and Cz- 

Remark: In this paper, we will almost always assume that our U-modules are in the 
subcategory 

sen('A) 

The reason to consider the more general category C is to have a possibility to prove results 
for where s is "generic" first and then to "deform" ^^^C to ~*C for "generic" s (see, for 
example, the proof of Theorem 3.2.2). 

2.1.8. Let Uo C U be the subalgebra generated by Z and K^, p G A^ and Uq C Uq its 
subalgebra generated by K^j/j, e A^. For any v e we denote by U!^ the subspace of 
U spanned by elements of the form x'^ where x E fv> (see [L] 3.1.1). We define U!|i as a 
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direct sum 

i/GN[/] 

and denote by U^" the direct sum ®n'>nU!fi'. We denote U^^ as and define U+ C U 
to be the subalgebra generated by Uo and and C U+ as the subalgebra generated 
by Vl and U>. Then U+ = V{[Z, Z'^]. 

2.1.9. We denote by U C U the subalgebra generated by K^,iJ, e and Ei, Fi for i e /. 
Then U is the quantum algebra corresponding to the root datum (A^, 'A). 

2.1.10. Let A:U— >U— >U®Ube the comultiplication such that 

A(Ei) = Ei®l + ki®Ei, iel 
A{Fi) =Fi®K_i + l®Fi, iel 

A(Z) ^Z0Z 

(see [L] 23.1.5) . 

We define a co-unit e on U as the unique homomorphism e : U — > C such that 

e{Ei) = e{Fi) = iel, 

e{Kn) = 1, e A^ and e{Z) = 1. Then U is a Hopf algebra where the antipode S is given 
by the formulas S(Ei) = -K_iEi, S(Fi) = -FiKi, S(K^) = and S{Z) = Z'K 
This comultiplication defines a strict monoidal structure on the category C. 

2.1.11. Let (jj be the involution of the algebra U such that 

uj{Ei) = Fi, uj{Fi) = Ei, ie I, uj{K^) = K_^, /i e A^, oj{Z) = Z'^ 
(see [L] 3.1.3). 

For any U-module (p, M) we denote by '^M the representation (p, M) of U on the 
same space M such that 'p{x) = p{u>{x)). 

2.1.12. Let F be a field containing C, U_p = U (8)c F. For any central invertible u eVp 
we define two automorphisms (f and of the Hopf algebra Up where 
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^u{K^) = K^, lie A^, i^u{Z) = Z, 

i^uiEi) = u^Ei, i e /, i^u{Fi) = u-^Fi, i e /, ^pu{K^) ^K^, i^e A"^, i^uiz) = z. 

Remark: The automorphisms (pu and ipu of U_f define strict automorphisms of the cat- 
egory C which we denote as and %, respectively. 

2.1.13. Fix a point s E & and an element a G n~^(s) C Ac*. For any central invertible 
element u e Up we denote by the function on n~^(s) with values in U_f such that 
Cl{a) = 1 and 

£«(A + i') =ti'^(^-*)/2£«(A) for any XeU-\s),ieI. 

We extend £^ to Ac* in such a way that >C^(A) = if A ^ n~^(s), A e Ac* and £^ is 
constant on the fibers of r. 

Definition. For any V — {p,V) G we denote by a linear endomorphisni of 
corresponding to the function (see 2.1.5). 

Remark: For any two a', a" G n~^(s) the operators £^ and are proportional and 
the coefficient of proportionality does not depend on a choice of y in *C Therefore we can 
consider as a section of a line bundle on &. 

2.1.14. Proposition. For any V = {p,V) in *C the map defines an isomorphism of 
the Vp-module T^{V) with the Up-module %{¥). 

Proof: We have to show that for any x G Up, we have £l_(pu{x) = 'ipu{x)Cu- This 
equality is obvious if a; = K^, G A^ or a; = Z. In the case when x = Ei or Fi, i e I 
the claim follows immediately from the definition of JC^ and the equalities x'^V_)^ C Ha+i/' 
x~\^x ^ Y-X-v for X E iy. In the case when x = Ei^ or Fi^ the claim follows from the 
definition of the dual Coxeter number . Proposition 2.1.14 is proved. 

2.1.15 Proposition. For any finite-dimensional X = {px,20 £ C the identity map 
X — )• X defines an isomorphism X** — )• T~_^f^\, {X) of XJ p-modules. 

Proof: By the definition X** = {px**,2Q where px**{a) = px{S'^{a)), a e Up and 
5' : Uf ^ Ui? is the antipode. The claim follows now from the formulas for the antipode 
S in 2.1.10. 

21 



2.2 Sugawara operators. 

2.2.1. For any V — (p, V) in C and n e N we define a subspace y_{n) of V_ 

V{n) e V\av = Va e U|"} . 

It is clear that C V_{2) C ■ • • C V_{n) C ■ ■ •. We define a subspace V_{oo) of F as the 
union of aU V_{n), n > 0. 

Proposition. For any i e I, n eN we have 

{Ei)V{n) C V{n) and iFi)V(n) C V{n + 1). 

Proof: The first part follows immediately from the definitions and the second follows 
from [L] 3.1.6. 

Corollary. (oo) is a U-invariant subspace of V_. 

We denote the corresponding U-module by ^(oo). Let C"*" be the full subcategory of 
C of modules V such that V{oo) = V and let C~ be the subcategory of C of U-modules 
W such that "^W e C+ . For any W in C' we define D{W) = W*{oo) where W* is as in 
2.1.5. We define as n C± and C± as C± n C^. 

Remark: For any V in C the submodule V{oo) C V is the maximal subobject of V 
contained in C"*". 

2.2.2. For any V in and W in C~ we define a linear map Homu(V^, I^(VF)) — > 
Homu(V^ <8) VF, C) as in [KL] 2.30. As follows from 1.1.6 we can identify the linear space 
Homu(F W, C) with {V0W)^. 

Lemma. The map Homu{V, D{W)) {V W)^ is an isomorphism. 
Proof: Analogous to the proof of Lemma 2.3.1 in [KL]. 

2.2.3. Let n<p be elements defined in [L] 6.1.1. Then for any M = (p, M) in there 
exists an operator 1] on M such that ri(m) = 0<p(m) for any m E M and all sufficiently 
big p. We have K^iEiil = KiQEi, ilFi = Fiki^Ki and ^K^ = K^Vt, iel^/iEA'^. 
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2.2.4. Fix a point s e & and an element a e n~^(s) C Ac*- Let G°- : n~^(s) C* be 
the function such that G"(a) = 1 and for any A e n~^(s), i E I we have 

G'^(A)G«(A-z')"^ = (z, A) 

We continue C to Ac* in the same way as we did with in 2.1.13. For any V = {p,V) 
in *C we denote by the corresponding endomorphism of V_ (see (2.1.5)). 

Remark: As in the case of £^ we can consider G°' as a section of a line bundle on 6. 

Definition. For any s e &,V = {pv,Y.) e and a e n~^(s) we define linear endo- 
morphisms (or simply T^J ofV as composition =^ ^"^-^v^.^^^G"*. We wiii call all 

of them Sugawara operators. 

Proposition. 

T«effomu(F,r(^~,V)_,(F)). 

Proof: We have to check that for any a; e U we have T°-x = ip^^~i^vy2{x)T°'- Let 
'T« =^ n-G". It is sufficient to prove that 

a) 'T'^K^ = 'T", 'T"Z = Z'T" 

/3) 'T"^;^ - 'T", 'T"Fi = Fi 'T" for i G 7 

7) 'T'^^^io = {Zq>^'')-'^'^^Ei^ 'T«, 'T'^Fio = {Z'^'' f'^^'' Fi^ 'T''. 

The equalities a) are obviously true. The proof of equalities (3) is completely analogous to 
the proof of Proposition 6.1.7 in [L]. So we give only the proof of equalities 7). Actually 
we only give a proof of the equality 'T^Eig = {Zq^ f'^^ Ei^ 'T". The proof of the second 
part of 7) is completely analogous. 

If V e V_y^ then Ei^v e Ha+i^- Let v =^ ^^n^z e A. Since A + Zq = A — zv' we have 

'T'^E.^v = G«(A - p')nE,^,v = G"(A - z/')^^~^'°"°^^^o^^ = 

= ^^(A - v')Kr^Ei,Qv = G'^iX - u')Z-^l[K^'''Ei,nv = 

= Z-'^'^^^ G^iX - v')G''{X)-^\\k'^'^'Ei^ 'T% = {Zq^^ )-^'^^^ Ei, 'T^v. 
Proposition 2.2.4 is proved. 
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2.2.5. In the case when V = {pv,V) lies in we can give a more exphcit formula for 
the operators and G on V_. Let be the function on 'A with values in the center of 
U and let G be the complex-valued function on 'A such that 

£^{X)^u'^M and G{X) = q^^^+P' 'f'^^ 

for A e 'A where the bilinear form [ , ] is as 2.1.1. They define £^ and G in the obvious 
way. 

Let (M (8) iV)o C M (g) iV be the subspace defined as in 1.1.6. 

2.2.6. For any V = (pviY.) in we define an endomorphism of V_ by the rule 

fa def (ra^)-l^ 

where the module C ^C"*" is defined as in 2.1.11. 

Remark: We can consider T"' and f°- as elements in appropriate completions of U. Then 
T« = a;(T«). 

2.2.7 Proposition. For any i e I we have 
a) T'^Ei = (Z^'')-(*-*)'^EiT«, 
h) f'^Ei = {Zq-^^)-^'-'^'^Eif'', 

c) T''Fi = {Zq^^Y'-''^'^FiT'', 

d) f^-Fi = (Zg-'^'')-(^-^)<^FiT«,. 

Proof: Parts a) and c) are corollaries of Proposition 2.2.4. We prove b). The proof of d) 
is completely analogous. We have 

f^'Ei = ojliiT^y^Fi)] = uj[{Zq^^)-^'-'^'^Fi{T'')-^] = {Zq'''^ )^'-''^'^Eif'' , 

where the second equality is a restatements of c). Proposition 2.2 is proved. 

2.2.8. For any V = {pv,V) in «C+ and W = {pw,W) in "^C" the linear map T"" ^f"" of 
V_^W_ does not depend on a choice of a e n~-'^(s) and we denote this operator as T (8) T. 
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Proposition. (T <^ f) preserves the subspace (M N)o of N_. 

Proof: It is sufficient to show that for any m E M, n E N, i e I and any e A^, we 
have 

a) (T ® f){E^){m n) e {M N)q, 

b) (T(g)T)(Fi)(m®n) G (M® iV)o, 

c) (T (8) T)[(ii'^)(m (8) n) - (m (g) n)] e (M iV). 

Proof: of a): By the definition of the action of U on M (g) AT we have 

(T ® f)Ei{m (g) n) = TEim ®fn + TKim ® TEin. 

Therefore it follows from Proposition 2.2.7 that 

{T®f)Ei{m®n) = {Z^^ Y'^^^'^^ EiTm ®fn + KiTm® {Zq'^^ f^^'^^ Eifn 

= q-dii-i)h^ [A{E,){Z-'^^'-'^Tm ® fn) - {Z''^^'-'^ A ®B-A® Z'^^'-'^B) 
= q-'^^'-'^''^ A{Ei){Z-'^^'-'^Tm^fn) - (A(Z-'^(*-^)) 
- e{Z-'^^^-^^)){A ^ Z"^^'-'^ B), 

where A = KiTm and B = fn. 

The inclusion a) is proved. The proof of the inclusion is completely analogous and the 
proof of c) is obvious. 

Proposition 2.2.7 is proved. 

Remark: We will show later (see 3.2) that T®f induces the identity map on the quotient 

(M, A^) = K®K/{M® N)o. 

We extend Cu and G to functions on Ac* which are constant on fibers of r and are 
zero outside of r~^('A) and denote by and G_ the corresponding automorphism of V_ 

for any V = {p^V) in ^'^^C. Then and G are sections of the line bundles £^ and G over 
the finite set n('A) C 6. For any V = {pv,V) in MC+ C+ n ["IC) and W = {pw,W) 
in [oiC" ( =^ C- n MC) we denote by T e End V and T e End W the Sugawara operators 
corresponding to the functions and G. 
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2.2.9 Proposition. Let M = {pm,M) e be a U-module, A e and let m e M;^, 
be suci tiat Eiim = for aJi i e 7. Tien 

^ ^[[(A+p'),(A+p')]-[p',p']]^-2d[A,p']^-2[A,p']^ ^ ^[A,A] ^-2d[A,p']^_ 

Proof: Follows immediately from the definition of T. 

2.2.10. Let M = {pm_,M) be a U-module in [^IC. For any n e N we denote by M(^) C M 
the subspace generated by vectors of the norm xm, x e U^", m e M. For any N = 
{Pn,N.) in C~ we define A^(^) = {^N)^^) C N_ where we identify the spaces N_ and ^N_. We 
define M„ =^ M/M(„,), A^n N_/N(^n) and denote by tt the natural projections M — > M„ 
and AT Nn- 

2.2.11. For any p e N, we define 
where f2<p e U is as in [L] 6.1.1. 

Proposition, a) For any M in t^^C and any pair m> neN we have T(^rn)M(^n) C M(„). 

b) The induced operator Tn on does not depend on a choice of m> n. 

c) The system {Tn G EndMn} is compatible with the natural projections M„ 
Mn-i. 

Proof: a) and b) follow from [L] 6.1.1, and c) is obvious. 

- — - ^ - — - 

2.2.12. For any M in C we define M = limM^ and denote by tt^ : M ^ M„ the natural 

projection. Let M{oo) C M be the submodule as in 2.2.1. Since M(oo) e we can 
define a linear transformation Tr; e End M. 

M 

Proposition. o Tg. — TnOifn for all n e N. 

Proof: Fix m e M(oo) and n e N such that U^"'m = 0. We may assume that p > n. 
Let m e M be such that 7rn(m) = 7rn(m). We have 7fn(T^m) = TfniT(j,)rh) = TTn{T(^p)m) = 
TnT^niTn) = T„7fn(m). Proposition 2.2.12 is proved. 
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2.3. The i?-matrix. 

2.3.1. Let S be the complex-valued function on 'A x' A such that E](A , A ) = q~^^ 1. 

For any U-modules V = {p',V!),V" = (p",Z") in ^^^C we denote by S the endo- 
morphism of V_' (8) which preserves subspaces Vy (8) Vy, for all A', A" e Ac* and such 
that 

where a' ^ r(A') and a" ^ r{X"). 

2.3.2 Definition. We saj that a pair V',V", V = e "'C, = (p",Z") e ""C, 

is admissible if for any v' e V^', v" e we iave Q,^{v" iS) v') = for almost all v e Z[/] 
wiere e U^^) 4|f u ® U are as in [L], 4.1.1. If v' = {p',V'),V" = {p",V") is an 
admissible pair we denote by an endomorphism of V_" (8) such that 

Q(v" (g) v') = Yl ® ^' ^ ^" ^ 

Remark: If V, V" e C are such that either V e C+ or V"" e C" then the pair {V , V") 
is admissible. 

2.3.3. If y , V" is an admissible pair we define linear map 'sv',v" and sv',v" from 
to V^' ® as compositions: 

'sv',V" =^ O S O cr, Sy^v^// =^ 'sy^^// O (^^-i (8)^^-1) 

where a : (8> VI" — >^ (8) V' is the isomorphism such that (7{v' ® v") = v" ® v' for all 
v' e Y!, v" e K'. 

2.3.4. Let (/p*^^^ be the automorphism of U 8) U, such that 



ip^'^\x (8) 2/) = < 





if X 


$y e 










for X,ne A^,z e 7; 




if a; $ 


$y = 






if a; $ 


^y = 




Z®Fi^ 


if a; $ 


$y = 


l(8Fio; 


^Fi^0Z 


if X 


$y = 


Fi, 1. 
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Proposition. IfV = {p',v!),V" = (p",Z") e is an admissible pair, then 
' sv',v" ° = ^i^) ° 'sv',v" for all x e\J. 

2.3.5 Proof: As in [L] 32.1, we have to show that 6 ■ Eip^'^\* A{x)) = A{x)QE when x 
runs through a system of generators of U. 

Let a be an automorphism of U^^^ as in [L] 32.1. Then we have A{x)Q = Qa{^ A{x)) 
for aU X e U (see [L] 32.1). We have to show that 

^(2)(tA(x)) = S-ia(*A(x))S 

for a system of generators a; in U. 
For any A e 'A we define 

Aer-i(A) AGr-i(A) 

Then it is sufficient to prove the equality 

(*) (^(2) (t A(x))(^;" v') = E-^aCA{x))E{v" ® v') 

for aU v' e V_ji,v" e Y_j", A', a" G Ac* and a system of generators a; of U. If x e Uq, 
then the vahdity of (*) is obvious. U x = Ei or Fj for z e / then the vahdity of (*) is 
proven in [L] 32.1. So it is sufficient to prove (*) in the case when x = Ei^ and x = Fi^. 
We prove (*) in the case when x = Ei^. The case x = Fi^ is completely analogous. 

2.3.6. If we compute the right side of (*) for x = Ei^ we find that it is equal to 
qKX]Eiy 0v' + Z-^v" ® Ei^v'. On the other hand, 

ip^^\'A{Eo)) = ifi^^\E,,m,,+l(^E,,) = E,,(»Z-^K,,+Z-^(^E,, - Ei^^K-^+Z'^^E,,. 

where v — ^^nj^^i. and we see that the left side of (*) is equal to the right side. 
Proposition 2.3.4 is proved. 
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2.3.7 Corollary. Let V, V" be an admissible pair ofV-modules such that V e C^/ , V" e Cz" , 
z'z" e C*. Then 's V'V" '■ Y! ® — > ® V_' is an XJ-module isomorphism between 
V-modules T^,_^(y') ®r^_^{y") and V" ® V . 

2.3.8. Let V, V" be as in 2.3.7. 

Corollary. The hnear map sv',v" dehnes a \J-module isomorphism between JJ -modules 
T^"-i (V) r^'_i {V") and V" ® V . 

2.3.9 Lemma. Let V , V" , V e [°]C besuch that the pairs {V, V), {V, V") and {V, V'®V") 
are admissible. Then 

sv,v'^v" = {Idy <8) sv,v") o (sv,v' <8) Idv")- 
Proof: Completely analogous to the proof of Proposition 32.2 A in [L]. 

2.4. Quantum algebras over C[t\. 

2.4.1. Let A = C[t],F = C{t), An = A/f'A^n e N. For any U-module M and n e N we 
define "M = M ®a A^. Let U be as in 2.L4, 

JJ^l^ ^£ \Ja ®a and "U(2) = \jf ®a An. 

We will consider U as a subalgebra in and Un- The comultiplications A : U ^ U(8)U 
defines ^-linear comultiplications — > U^-* and "^U — > "^U^^^ which we also denote by 
A. 

def 

2.4.2. Let ip = ipt be the automorphism of Up as in 2.1.12 and 

T=^{xe Ua|(1 V')(A(a;)) e Ua^}- As follows from [L], Proposition 3.2.4, we have a 
direct sum decomposition U = ©jyllj^, where Uj^ =^ U+(U!^). We consider the C-linear 
map ?7 : U ^ JJa such that 'r]{u) = t^'^^'^u for u G Uj^ and extend it to an A-linear map 

n 

rjA ' U (8)c A Ua- Here = ^'^p-^^^j^ if = {ui, - ■ ■ , Un). This is called a degree of 

V. 
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Proposition, a) T is a subalgebra of U^, 

b) Im ?7 C r 

c) The map r]A '■ U ®c A ^ F is an isomorpliism of A-modules. 

d) Tlie algebra T is generated by U+ and tfFi, i e I, where U — t^* *)/^. 

e) A(r) CT0T. 

2.4.3 Proof: Part a) follows immediately from the definition of F since (1 -i/;) o A is an 
algebra homomorphism from Up to Uf®Uf. Part b) follows from a) and the inclusions 
(1 (g) V) o A(U+) C (1 (8) V)(U+ (g) U+) C U+ (8) U+ C U^^^ and 

(1 V) ° HtfFi) = (10 ij){tf{Fi (g) K_i) + tf{l Fi)) = tf{Fi K_i) + 1 e U^'\ 

2.4.4. To prove part c) we choose a basis S in f consisting of homogeneous elements and 
containing 1 (see [L] 3.2.4). For any b & B we denote by |6| its degree, i.e., |6| = \u\ 
if 6 e fu- As follows from Proposition 3.2.4 in [L] we can write x G F as a sum x = 
^b',tJ,,b^b',i^,bb'^Ki^b~ with C6',^,6 e A. We have to show that Cb',,^,b e tl^U. 

Since the map A : U0Uisa monomorphism, we see that the inclusion 

(1 V') o A(a;) e implies the inclusion C6',^,6(l V')A(6'+K^6~) e JJa for 
all b,b' & B, fi e . Therefore we may assume that x = ab '^K^j3~ for b',b & B, /i e 
and a ^ A. 

2.4.5. Assume that a ^ t^^^A. We want to show that (1 ip) (A(a;)) ^ U^^ Choose 
neN such that a e ^ A - t^+^A and define x =^ t^^^-^'x. Let - : uJJ^ ^ U U be the 
natural projection (= reduction mod t). As follows from part b), (1 (^'i/j)A(x) G U)^ . Let 
X be the image of this element in U U. Since |6| — n > it is sufficient to show that 

We have 

(1 V) o A(^) = tl''l-"a(l V)A(6'+)(A(K^))(1 V) • (A(6-)). 

Therefore it follows from formulas in 2.1.10 and the definition of tjj that 

X = ab'^Kij, Kij_b~ 
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where a e C is the reduction of at~" e A mod t. By the definition of n, we have a ^ 0. 
Therefore, x ^ 0. Part c) of Proposition 2.4.2 is proved. 

Part d) follows immediately from c) and part e) follows from d) and explicit formulas 
for A (see 2.1.12). Proposition 2.4.2 is proved. 

2.4.6 Corollary. T = {x e V a\{iI^ ^ e U^^^}. 

Proof: Let T' = {x e U^KV' l)A(a;) e U^^}. It follows from Proposition 2.4.2 that 
Per'. An analogous argument shows that P' C P. So P = P'. 

2.4.7. The map A : Uq ^ Uq (8)Uo C U(g)U defines an imbedding of Uq in U(g)U. Since 
Uo C P and (1 ® V') ° ^|uo = ^|uo wc can consider Uo as a subalgebra of P. Therefore 

(2) (2) 

the imbeddings (1 (g) •0) o A : P ^ \J\^ and U_ (8) U+ ^ U^'^ define an yl-linear map 
a : U^^ — > U^"*, where U^"* =^ P (8)Uo (U- U+). Analogously for any n e N we can 
define an yl„-linear map : "U^^^ ^ "U^^), where "U^^) U^^V^^'U^^^. 

Theorem. The map a is an isomorphism. 

2.4.8 Proof: We start the proof with the following general result. 

Lemma. Let M, N be free A^-modules, let a : M ^ N be a morphism such that the 
induced map a : M/tM — > N/tN is an isomorphism. Then a is an isomorphism. 

Proof of Lemma: Follows from Nakayama's lemma. 

2.4.9 Proposition. The maps an'- n eN are isomorphisms. 

Proof: Consider first the case n — 1. We have ^U^^) = U ® U, ^U^^) = Pi(U_ (x) U+) 
where the subalgebra Pi C U U is generated by elements a;+ (8) 1, 1 (8) x'~ and (g) 
for x,x' e f and e A^. Therefore in the case when n = 1 Proposition 2.4.9 follows 
from the triangular decomposition for U (see [L] 3.2). The general case follows now from 
Lemma 2.4.8. Proposition 2.4.9 is proved. 

2.4.10 Corollary. Tie map a is a monomorphism. 

Proof: Let x G be such that a{x) = 0. It follows from Proposition 2.4.9 that the 

— (2) — (2) 

image of x in t"'\J\ is equal to zero for all n G N. Therefore x is divisible in by 
for all n G N. But the A-module \J\^ is free. Therefore a; = 0. The Corollary is proved. 
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2.4.11. For any m e N we denote by TJ^^^m) the subspace of U(8)U spanned by elements 
of the forms x^Ki^x'~ ® y~K^>y'^, where G and x,x',y,y' are homogeneous 

elements such that |a;| + < m and we define U^''(m) = U'-^-*(m) ®c ^ C U^"*. 

Lemma. For allm eN we have U^^(m) C Im{a). 

2.4.12 Proof: We will prove Lemma 2.4.11 by the induction in m. If m = 0, then the 
result follows from the inclusion U*^^^(0) C U_ (g) U+. Assume that the lemma is true for 
m — 1. It is suflBcient to show that for any x, x', y, y' as in 2.4.11 there exists 7 e F 

and t( e U_ (g) U+ such that x+Kf^x'~ y^K^y'+ - (1 (g) V)^(7)^ ^ U^''(to - 1). But we 
can take 7 = t^'^^x~^y~ and u = K^^K^x ~ (g) K^siK^iy +, where A(a;"'") = a;"*" (g) K^i + • • • , 
^{y~) — K5 ® y~ + ■ ■ ■ . Lemma 2.4.12 is proved. 

2.4.13. Now we can finish the proof of Theorem 2.4.7. It follows from the triangular 
decomposition that = Um^A ("^)- Therefore Lemma 2.4.11 implies the surjectivity 
of a. On the other hand, the injectivity of a follows from Corollary 2.4.10. Theorem 2.4.7 
is proved. 

2.4.14. We will use a following version of Theorem 2.4.7. As follows from Corollary 2.4.6 
we have (V' ® 1)A(7) e U^^^^ for aU 7 e F. Let /3 : F Ouo (U+ U_) ^ ujj^ be the 
morphism such that /?(7 (g) tt) = (V' (g) 1)A(7)'U for all 7 e F and u e U+ (g) U_. 

THEOREM. 13 is an isomorphism of A-modules. 

2.4.15 Corollary. Let /?(^) be the hnear map from U (g) U+ (g) U_ to U (g) U such that 
(3^^\x (g) w) = A{x)u. Then P^^^ is an isomorphism of hnear spaces. 

Proof: Let ev^ : ^ — > C be the morphism of evaluation at t = 1. Since 
where A acts on C by ev^ . Theorem 2.4.14 implies the validity of the corollary. 

2.4.16. As follows from part e) of Proposition 2.4.2 F has a natural structure of a Hopf 
^-algebra. Let Fq C F be the kernel of the counit : \Ja — > ^ to F. We denote by 
^ C U^^ the span of elements of the form (V' ® l)(A(7))(x), 7 e Fq, a; e U^^ 

Proposition. For any x e fi, there exists y,z e U^^^ such that (1 (g) a;+) -ye tl^'lu^^ 
and {x- <»l)-ze tl'^luj^ 

32 



2.4.17 Proof: We prove the first part of the Proposition. The proof of the second part 
is completely analogous. 

Since U-|- is a Hopf algebra, it follows from Lemma 1.3.3 that there exists G U-|-, 
br e U+(g)U+, 1 < r < such that e(a,.) = and 5'"^(a;+)(8)l-l(8)a;+ = Z)i<r<fl^K)&r, 
where S e /som(U+, U^^) is the antipode. Therefore 

(g) 1 - 1 = 2^ (V' ® 1) o A(a^) • (V' ® l)6r- 

l<r<R 

Since ip{\J+) C U_|_ ® A, we see that a^. G F and ('0 ® 1)6^ ^ U^"* for all r, 1 < r < i?. 
On the other hand, the inclusion x e (U+)'^ implies that S~^{x) e (U+)'^ and therefore 
i{;{S-^{x+)) = tl^l5-^(a;+). Proposition 2.4.16 is proved. 

2.4.18. For any U-module M = (p, M) the A-module =^ M(^c A has a natural U^- 
module structure. Therefore two imbeddings id and ^ of F into define two F-module 
structures on M ^. We denote the first one as M[t]o (or simply M if this does not create 
confusion) and the second as M[t]. We define =^ M[t]o®^^n and ^M[t] =^ M[t]®A^n- 

For any M' = {p', M_'),M" = (p", M") in C we denote by '"(M'[t] ®M") the F-module 
which is the tensor product of "^M'[t] and '^M" over A^- Corresponding representation is 
denoted by '^(pM'[t] <H) Pm")- 

2.4.19. For any ly e N[/] we define 6^ = (1 ® e U^^^ where 6^ e U^^) ^^e 
as in 2.3.2. Then Of e f^^^^v'x^ for all u e N[I]. Therefore for any M' = (pm'^M!), 
M" = {pM",Ml') in and any n G N we have "^{pw ® pM')iQt) = for almost 
all V G N[/] and we can define an yl„-linear map '^SM'[t\,M" from M' ®c M " ®c An to 
M" (8)c Ml ®c An as a finite sum 

where S, o" and Cz-^ are as in 2.3.3. 

2.4.20 Proposition. For any M', M" g suci tiat M g C^'M" g C^^", ^" G C* and 
anyn G N the map '^SM'[t],M" is a T-module morphism from "^(7^//_i(M')[t] (g) 7^'_i (M")) 
to"(M"(8)M'[t]). 

Proof: Clear. 
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2.4.21 Proposition. For any M', M", M in and n eN we have 

^SM[t],M'iSiM" = {IdM' ® ^SM[t],M") ° {^SM[t],M' ® IdM")- 

Proof: Analogous to the proof of Proposition 32.2.4 in [L]. 

2.4.22. For any M,N inC and tt e C* we denote by u the automorphism of A such that 
u{t) = ut and hj u = um,n the C-hnear endomorphism of the space M (8)c iV (2)c ^ such 
that ?i(m ® n ® a) = m ® n ® u{a) for all m G M, n G iV, a G A. It is clear that u is a 
u-linear automorphism of M N ® A. 

Proposition. For any M, A?" in C andu G C* weliaveM(M[t](8)iV)(o) C {%{M)[i\®N)^Q), 
where the subspaces {M[t] O A)(o) and (T„(M)[t] O A)(o) of M O iV O A are as in 

Proof: Follows immediately from the definitions. 

Corollary. The u-morphism u defines a u-hnear isomorphism between A-modules 
{M[t] A) ^ {%.{M)[t] N), where {V) denote {V)r. 

Proof: Follows from Proposition 2.4.22. 

We denote the induced isomorphisms from {M[t] (8) N) to (7^(M)[t] (g) N) also by u. 
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2.5 F-coinvariants. 

2.5.1. For any F- module M we denote by (M)r (or simply (M)) the yl-module of F- 
coinvariants (see 1.1.6). 

2.5.2. Let M = {pmiM) be a U+-module, A'' = {pAf,JSO be a U_-module and X = 
{px,X_) a U-module. Then A1(8)X(8) jV^ has a natural structure of a Uo-module and we 
denote by {M. (8) X (8) A/')uo ^be space of Uo-coinvariants of (g) X (8) A/". 

Let M =^ U (S>u+ ■M and =^ U 0u_ H be the induced U-modules and let j : 
{M®N) M^N C M[t]0N be the natural imbedding, that is, i{m®n) = {l®m)®{l®n) 
for m e Al, n e AA. Then j is a morphism of Uo-modules and it induces a morphism of 
^-modules 

3 : {M(^Af)vo ® ^ — ^ {M[t] ® N). 
Proposition. The map j is an isomorphism. 
Proof: Follows from Theorem 2.4.15. 
Corollary. For any n eN the natural map 

{{M[t] ® N) ®A An) ^ C{M[t] N)) 

is an isomorphism. 
Proof: Clear. 

2.5.3 Lemma. The map {M (8) A/')uo — {M (g) N)u induced by the imbedding j is an 
isomorphism. 

Proof: Using the same arguments as in the proof of Corollary 2.4.15 we deduce Lemma 
2.5.3 from Proposition 2.5.2. 

2.5.4. Let V, W be U-modules such that there exist exact sequences Mi — * Mq V ^ 
and Ni ^ Nq ^ W ^ of U-modules such that Mj = U <S>u+ Mi, Ni = JJ (g)u_ Afi, 
z = 0, 1, where M.i (resp. A/i) are U+ (resp. U_) modules. 
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Proposition. For any n e N the natural An-morphism 

{V[t] (g) W) ®A An — > {'^{V[t]®W)) is an isomorphism. 

Proof: The functor <Sic is exact and therefore the sequence of 

(*) {Mi[t] ® No) © {Mo[t] ® Ni) Mo[t] ® iVo ^ V[t] ®W ^0 

of F- modules is exact. Since ( , ) is a right exact functor we see that the sequence 

(Mi[t] No) © {Mo[t] iVi) {Mo[t] ® A^o) {V[t] ^W) ^0 

is exact. Analogously one shows that for any n e N the sequence 

r(Mi[t] ® No)) © C{Mo[t] ® Ni)) C{Mo[t] ® No)) C{V[t] (^W))^0 

is also exact. Therefore Proposition 2.5.4 follows from Corollary 2.5.2 and the five- 
homomorphism lemma. 

2.5.5. Assume that V, W are U-modules as in 2.5.4 and dim A4k < oo, dim < for 
k = 0,l. 

Lemma. {V[t] ® W) is a finitely generated A-module. 

Proof: Follows from the exactness of the sequence (*) and Proposition 2.5.2. 

2.5.6. Let D be the rigid category of finite-dimensional U-modules X such that Z acts 
trivially on X. Then D is a subcategory of ^^^C. 

Given zeC*,V e ^°^C+,X eVandW e ^C^.i we denote by ''Sv,x,w the ^^-hnear 
map from {"^{{V (g) X) [t] (S)W)) to {""{{V (g) T 2~2hV (X) [t] ® W)) defined as the composition 

(8) X)[t] ® W)) '^■"^'''^) r((r,(X) V)[t] W)) = 

= C{{Ux)[t]) -v[t] -Wa) ^ 

rv[t] -wa --ij-.u^ {x)m — ^ 

where =^/3„^'(|^)'j^^y is as in 1.1.15 and T =^ ^(z^^vp- 
Remark: The map "^v^.x.vk is an analog of the map 8^a^ in 1.2.7. 
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2.5.7. We have assumed that W lies in t^^C^.i. Then the composition 

(T~^ (S)id(S>f~^) o'^6v,x,w defines a T-module morphism (pv,x,w from ®W) 

to 

rmv) ® -mmt] ® nw))) = {tchv ® xm ® w))). 

As follows from 1.1.3 we can identify the A^-module {TC^dV X)[t]0W))) with f ((F® 
X)[t] VF)). Therefore we can consider (pv,x,w as an endomorphism of the A^-module 
{""{{V (^X)[t](^W). 

Theorem. (pv,x,w = id. 

We will prove this theorem at the end of section 3.2. 
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§3. The category of smooth representation 



3.1 The category 0+. 

3.1.1 Definition. A Gnite dimensional \J'!^_-niodule Af is called a nil-module if there exists 
neN such that the Uj^A/" = and M ^ ®\eAc*-^x (see 2.1.5). 

For any nil-module jV and a number 2; e C* we extend the action of U;^ on jV to an 
action of U+ on J\f in such a way that Z acts as zld and define 

The map n ^ l®n defines a Uo-covariant imbedding M > and we will always consider 
as a Uo-submodule of . 

3.1.2 Definition. is called a generalized Verma module. 

Remark: lies in C+. 

For any a G Ac* we denote by Va the one-dimensional representation of U;^ such that 
acts as a multiplication by (//, a) for all e and acting as zero. In this case 
the U-module jV^ is denoted by V^; it is called a Verma module. 

3.1.3 Proposition, a) For any generalized Verma module there exists a finite filtra- 
tion by submodules such that the successive quotients are Verma modules. 

b) Let V be an object in . Then V is a quotient of a generalized Verma module 
if and only if there exists n > 1 such that dim V{n) < 00 and V{n) generates V as a 
U-module. 

c) Any object V in is a union of subobjects which are isomorphic to quotients of 
generalized Verma modules'. 

Proof: Analogous to the proof of Proposition 2.5 in [KL]. 

3.1.4. The following result concerns the action of the Sugarawa operator T** on a Verma 
module (see 2.2.4). For any £ e C* we set ^V^ = {v e V^|T«(v) = iv}. 
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Proposition. 

b) If\q^ z\ ^ 1, then (Y^ is a Gnite-dimensional vector space, for all £ E C. 

c) IfiVl ^ 0, then £ = {z'^qf'' for some n e N. 

d) iV^ = V„. 

e; V^ = V^(oo). 

f) The \J -module has unique irreducible quotient L^. 

g) If |5^^2;| > 1 then has finite length for any a e Ac* . 

Proof: The proof of a) - f) is analogous to the proofs of Propositions 2.7 - 2.9 in [KL] 
when one uses Proposition 2.2.7. In order to prove g) one should observe that if V^, — > 
is a non-trivial homomorphism of U-modules then vx ^ia')G'^(a') = (^g^^)^"'^ for 

n 

such n e N that a — a' = ^^p- Under our assumptions the LHS is bounded and the RHS 

p=i 

increases when n — ^ oo. This implies that there are finitely many such a' for a given a. 
Then one can finish the proof along the lines of [KL], 2.22. 

Definition, a) Complex numbers zi, - ■ ■ , Zn E C* are multiplicatively independent if for 
any r= (ri, • • • , Vn) £ '^^ , r 7^ we iiave z^ - ■ ■ z'^ ^ 1. 

h) A pair {s,z), s E &, z E is generic if for any a G n~^(s) the complex numbers 
a{i) {i,a), i E I, z and q are multiplicatively independent. 

c) A nil-module Af is z-generic if for any A E Ac* such that Afj 7^ {0} the pair (A, z) is 
generic. 

3.1.6 Proposition, a) If a pair {s, z) E & xC* is generic, then the Verma module is 
irreducible for a E Il~^{s). 

b) If a nil-module Af is z-generic then the corresponding generalized Verma module 
is a direct sum of Verma modules. 

Proof: Follows from the same arguments as Propositions 9.9 and 9.10 in [K]. 

3.1.7 Definition. We denote by 0>o C C* the set of numbers such that \z\ < 1. 
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In the remainder of this paper we assume z E C* is such that q'^ z ^ 0>o- 

3.1.8 Proposition. Let V be an object in . The following conditions are equivalent: 

a) There exists a finite composition series of V with subquotients of the form for 
various a eN^ . 

b) V is a quotient of a generalized Verma module. 

c) There exists n > 1 such that V{n) generates V as a U -module and dimV{n) < oo. 

d) dimV{l) < oo. 

Proof: Analogous to the proof of Theorems 2.22 and 3.2 in [KL]. 

3.1.9 Definition. 0+ is the full subcategory of C+ consisting of modules satisfying the 
conditions of Proposition 3.1.8. 

3.1.10 Corollary. Any object in C+ can be represented as an inductive limit of objects 
from 0+. 

3.1.11. In this subsection A denotes the ring of regular functions on Ac* x C*, 

def 

j\\J = U ®c ^U_|_ = U_(_ 00 etc. We denote by A the yiU_|_-module which is isomor- 
phic to A as an ^-module and such that acts trivially, acts as a multiplication by 
the function A) if e Aq and Z acts as a multiplication by z, where (A, z) are natural 
coordinates on Ac* x C*. We denote by V the induced ^U-module 

V = ®_4U+ A. 

3.1.12. For any zq G C* we define by eVz^ : A ^ C* the homomorphism of the evaluation 
at the point {0,zo) e Ac* x C*. This homomorphism defines an algebra homomorphism 
eVzQ : — > U. Given a U:^-nil-module and zq E C* we can use evz^ to define a 
structure of ^U+-module on jV. We denote by ^A/" the ^U+-module which is defined as 
a tensor product ^A/" = M 0c V. Let ^A/" be the induced module ^A/" '= (^^u^ ^A/". 

For any point (A, z) G Ac* x C* we denote by z maximal ideal of functions 

equal to zero at {X,z). Define (x z)-^ ^ ■^•^/^Xz' Then (j z)-^ ^ natural structure 
of a U-module. 
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3.1.13 Proposition, a) y^J^f is a free A-module. 

b) For all (A, ^) e Ac* x C* the XJ -module (j z)'^ ^ generalized Verma module 
obtained from the nil-module ,\ ^N' '= 4 A/"/ m-Y J\f. 

c) For almost all (A, z) e Ac* x C* the module ^^J\ is a direct sum of Verma modules. 

Proof: a) and b) follow from definitions and c) follows from Proposition 3.1.6 b). 

3.1.14 Definition. We denote by 0~ c the category oflJ-modules M such that 
lies in 0+. 

For any nil-module A'' and 2; e C* we define J\fl =^ '^{Af^). Then J\fl lies in C~ and, 
as before, we have a nature imbedding ^J\f ^ jVf of Uo-modules where we identify ^J\f 
with jV as a vector space and the action of Uq on ^J\f is given by the map {x, n) a;(a;)n, 
X e Uo, neAf. 

3.1.15. For any Hopf algebra H and two if-modules M = {pM,M.) and = (pntN.) we 
define (M, N)h =^ {M (g) N) (see 1.1.6) and denote by prM,N (or simply pr) the natural 
projection pr : M<^ (M, N)h- 

3.1.16. Let M,N' be nil-modules z e C* and M®'^U ^ ® Ml be the natural 
imbedding. Then we have a linear map proi : {M®'^N) — > {M^ ,Nl)u which factorizes 
through the map ~i : {M, ^M)uo — ^ (A/t^, A/'^)u- 

Proposition. The map i is an isomorphism. 

Proof: Using Theorem 2.4.15 one can immediately apply the arguments of the proof of 
Proposition 9.15 in [KL]. 

3.2 The action of Sugawara operators on coinvariants. 

3.2.1. In this section we prove Theorem 2.5.7. We start with the special case when 
X = 1. SoV = {pv,V), W = {pw,W) be U-modules such that V e C+ and W e C;_,. 
Let T^T e EndjV W) be the linear map as in 2.2.8. As follows from Proposition 2.2.8 
the T ®T induces an endomorphism of the space (V, W) which we denote as (fv,w- 
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3.2.2 Theorem. (pv,w = id- 

Proof of Theorem 3.2.2: As follows from Proposition 3.1.3 c) it is sufficient to consider 
the case when V and W are generalized Verma modules, V = A4^, W = Af^ where A4 
and jV are nil-modules. It is clear that (V, W) = {0} if z ^ w. 

We start with the following special case. 

3.2.3 Proposition. Theorem 3.2.2 is true in the case when V and W are Verma modules. 

Proof of Proposition 3.2.3: Let V = V^, W = '^(V^). As follows from Proposition 
3.1.16 the map i : {Va <8) '^(V6))uo — {V, W)u is an isomorphism. On the other hand, it 
follows from Proposition 2.2.9 that the operator T ®f = T"- ^T"' preserves the subspace 
Ca ® '^(Cfe) C M ® iV and acts trivially on this subspace. Proposition 3.2.3 is proved. 

3.2.4. Consider now the case when V and W are arbitrary generalized Verma modules. 
Let A4,jV be nil-modules, zq G C* and j^M^j^J^f be modules as in 3.1.12. As follows 

from Proposition 2.2.8, the operator T ®T defines an endomorphism of the ^-module 
{M,J\f~) '= {a-M. <S)a aJ^~)- We denote this endomorphism of {M,J\f) by $. For any 
(A, z) e Ac* X C* we denote by ^ the natural morphism 

3.2.5 Lemma, a) The A-module {M,N~) is free as an A-module, 

b) is surjective for all X e Ac*, z eC*, 

c) the kernel of ^ is equal to rtij ^{M,N'~). 

Proof: Follows from Propositions 3.1.13 and 3.1.16. 

Now we can finish the proof of Theorem 3.2.2 in the case when V and W are generalized 
Verma modules. Really since the morphism $o,i is surjective it is sufficient to prove that 
$ = Id. On the other hand, since the ^-module {M,N~) is free, it is sufficient to show 
that the induced endomorphism ^ on ((X z)-^' (a z)-^) equal to Id for generic (A, z) . 
But this follows from Propositions 3.1.13 c) and 3.2.3. 

Theorem 3.2.2 is proved. 

3.2.6 Proposition. Theorem 2.5.7 is true in the case when V and W are Verma modules. 
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Proof: We have V = V^,VF = '^(V^) for some a,b e 'A. As foUows from Theorem 
2.4.7 the natural imbedding Va (8) X (g) '^(Vfe) ^ (V ® X)[t] (g) W defines an isomorphism 
(Va ® X ® '^(V6))uo ®c An ^ {""{{V ® X)[t] ® W)) (cf. 2.5.2). So it is sufficient to 
show that for any x e 2Lb-a have (pv,x,w{^a ® x = ® ® 1&, where lo, lb are 
generators of 1-dimensional spaces Va and Vt and we identify (Va <E) ^<8) '^(Vb))^" with its 
image in {Va® ^'Si^{Vb))- But this foUows immediately from the definitions. Proposition 
3.2.6 is proved. 

3.2.7. The same arguments as in 3.2.4-3.2.5 show that Theorem 2.5.7 follows from Propo- 
sition 3.2.6. Theorem 2.5.7 is proved. 

3.3 Completions. 

3.3.1. We assume until the end of the section all our infinite-dimensional modules are in 
[°lC It is easy to see that for any N in '^^C and any finite dimensional U-module V the 
tensor product N ®V lies in ^^^C. 

3.3.2. We fix until the end of this section a number z such that zq'^ G C* — 0>o- For 
any M = {p,M} in Cz we define the spaces and Mj-^^ as in 2.2.10. 

3.3.3 Proposition. If is a generalized Verma module, V is a finite-dimensional rep- 
resentation of U and M — ® V tlien tie natural morpliism J\f ®V — > Mi is an 
isomorphism. 

Proof: Follows from 2.4.15. 

3.3.4. We denote by £g C Cg be the full subcategory of modules M such that dim Mi < oo. 

3.3.5 Proposition, a) For any M in and any n e N we iiave dim Mn < oo. 
h) For any N in C+ and any V in V the tensor product N <SiV lies in E^. 

Proof: a) The proof is completely analogous to one in §§7.6-7.7 of [KL]. 
b) Follows from Proposition 3.3.3. 
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3.3.6. For n e N we denote by L„ C C* the set of eigenvalues of T„ on M(„_i), where 
M(^_i) C Mn is the image M^^-i)- 

Proposition. For any M in and n eN we have 

Ln+i C IJ q\Li, 

n<k<3n 

where qi =^ {z'^^ Y'^ = {z'^q)'^. 

3.3.7 Proof: We prove the result by induction in n. If n = then there is nothing to 
prove. Assume that we know the Proposition for n = uq and we prove it for n = uq + 
1. Any element in M(^_i) is a linear combination of elements of the form Fjm, i e 
I, m & M(„_2). Let m be the image of m in M(„_i). We may assume that m is a 
generalized eigenvector of T^-i on M(„_2) with an eigenvalue equal to A. It follows then 
from Proposition 2.2.7 that the image of F^m in M(-„_i) is a generalized eigenvector for 
Tn with the eigenvalue X-q^^^^'^. The inclusion X-q[^'^^^'^ G Un<fc<3n5i-^i follows now from 
the inductive assumption and the inclusion e {1,2,3}. Proposition 3.3.7 is proved. 

3.3.8. For any M in £^ we define M =^ limM^, f =^ limT„ C End(M) and denote by 

Tin '■ M ^ Mn the natural projection (see 2.2.10). Given M in Sz we define (as in [KL], 
§29) for any £ G C, and n G N the number dn{i) to be the dimension of the space ^M„, 
where =^ ker(T„ — £)^. It is clear that for any £ G C, we have 

di{£) < d2{i) <■■■< dn{i) <■■■. 

We define d(e) = hm d^(£). 

n — XX3 

3.3.9 Proposition. For any £ g C, we have d{£) < oo. 

Proof: Since all operators are invertible we may assume that £ G C*. It follows from 
Proposition 3.3.7 that there exists no G N such that for all n > no, ^ is not an eigenvalue 
of the restriction of T„ on M(^_i). Therefore dn{£) = dnQ{£) for all n > no- Proposition 
3.3.9 is proved. 
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Remark: We can rephrase the statement of Proposition 3.3.9 by saying that T induces 
an admissible automorphism of M (see §29 in [KL]). 

3.3.10. For any M in Sz we define a submodule M(oo) c M as in 2.2.1 and define a 
subspace M°°=^ 0^M C M as in Proposition 29.5 of [KL]. Since M(oo) hes in MC+ one 

can define the Sugawara operator T e End M(oo). 

Proposition, a) M°° c M(oo). 

b) For any n eN we have 7rn(M°°) = M„. 

Proof: Part a) follows immediately from Propositions 3.3.9, 3.3.6. Part b) follows from 
Proposition 29.1 in [KL]. 

3.3.11. For any M in Sz the projective system 7r„ : M„ M^-i defines an inductive 
system < : M*_^ ^ M*, where M* =^ Hom(M^, C)a (see 2.1.5). We denote by 

AeAc* 

M* the inductive limit M* = limM*. It is easy to see that M* has a natural structure of 
U-module. Moreover, M* lies in ^'^^C~ and therefore we can define the Sugawara operator 
T e End{M*). 

3.3.12 Proposition. For any C e M* g M* and m e M we have C{Tninn{m)) = 
(T~^C)(m) where we consider C as a hnear functional on M„ and T~^(^ e M* as a linear 
functional on M. 

Proof: Follows from Theorem 3.2.1. 

3.3.13 Proposition. Let M be an object in Eg. 

a) For any m e M(oo) and any n e N we iave TTn{Tm) — TnTTn{m). 

b) M(oo) = M°°. 

c) The V -module M(oo) belongs to 0+. 

d) The natural map (M(oo))„ — > (M)^ = M„ is an isomorphism for all n eN. 

e) M belongs to Eg. 

Proof: a) Follows from 2.2.12. 
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To prove b) we observe that the inclusion M°° C M(oo) follows from Proposition 3.3.6 
and the inclusion M(cxd) C M°° follows from Proposition 3.1.8 (see the proof of Lemma 
26.4 in [KL]). 

Part c) follows from Proposition 3.1.8, part d) follows from Proposition 3.3.10 b), and 
part e) is clear. Proposition 3.3.13 is proved. 

3.3.14 Corollary, a) For any module M in £g the morphisms 

M — >Mi — M ~ 

induce isomorphisms 

M* i — (M)* — > (M°°)*. 
b ) For any W in 0~ and any M in 8z the morphisms 

Homxj{W,M^) i — HomijiW, (M)^) — > Homxj(W, {M^Y) 

are isomorphisms, where as always =^ Hom[M, C). 

Proof: Part a) is equivalent to part d) of Theorem 3.3.13. To prove b) we observe 
that it follows from the definitions the natural map Hom(W, M*) Hom(W, M^) is an 
isomorphism. Therefore part b) is a restatement of part a). 

3.3.15. In 3.3.15 - 3.3.18 (M) denotes coinvariants of M with respect to U. For any two 
U-modules W and M in C we define the map 

(M ® Wy Homu(W, M^), r ^ r^, where for any r e (M ® W)^ C Hom(M ® W, C) 
and any w e we define r"^ {w) e by the rule r^(w)(m) =V(m ® w). 

Proposition. The map {M ®W) ^ Homu{W, M^) is an isomorphism. 

Proof: Clear. 

3.3.16 Corollary. For any M in and W in 0~ the morphisms 

{M®W) — > {M®W) i — (M~ ® W) 
46 



are isomorphisms. 

3.3.17. For any finite dimensional U-module X we denote by the functor from Of 
to itself such that 

V^X =^ {V0X)°°(= (F§X)(oo)) 

for all V inO+. 

For any finite dimensional U-module Y and W in 0~ we define Y®W = ^{Y®^W) 

r\pf 

and Y^W = ^{Y^^W). 

3.3.18 Proposition. For any V in Of, W in 0~ and a finite dimensional V-module X 

the maps 

{V(^X(^w) i — {(Y^x) (^w) — > {{V(^x) ® w) 

are isomorphisms. 

Proof: Follows from Corollary 3.3.16 in the case when M — V X . 

3.3.19. We say that a U-module V is locally U-finite if for any v E V, \Jv is a finite- 
dimensional subspace of V. 

Proposition. Let M be a U-module in Sz which is locally U-hnite. Then the module 
M°° is also locally U-finite. 

3.3.20 Proof: The proposition is an immediate consequence of the following general and 
easy result. 

Claim: Let V = {p,V_) be a locally finite representation of U, =^ (p, Vy^) be the fuU 
second dual to V and V_** C be the subspace of vectors which are U^-finite. Then 
V** is a locally finite representation of U. 

We will not give a proof of this claim since we will never use Proposition 3.3.19. 

3.3.21 Corollary. Let 0° C 0+ be the subcategory of locally U-finite modules. For 
any V in 0° and any finite-dimensional representation XofXJ the module V<SiX lies in 

oi 

3.3.22. As in [KL] §27 we denote by Az C Of the full subcategory of objects V which 
admit a filtration = Vq C Vi C • • • C Vn = V such that each quotient F„ =^ Vn/Vn-i^ 
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1 < n < AT, is isomorphic to a Verma module V^. , aj e Ac* . We denote by [V] the element 

' N 

of the group ring C[Ac*] defined as a sum [V] =^ As follows from the Jordan- Holder 

n=l 

theorem, the element [V] does not depend on a choice of filtration. 

3.3.23. For any finite-dimensional representation X = {p,20 U we define 

{X}= J2 dim(X^)-AeC[Ac*], 

AeAc* 

where the subspace Xj of X is defined as in 2.1.5. 

Proposition. For any V in Az a,nd any XJ-module X in V 

a) V^X e Az and 

b) [V(bX] = [V] ■ {X}. 

Proof: The proof of a) is completely analogous to the proof of Proposition 28.1 in [KL] 
and the proof of b) is completely analogous to the proof of Theorem 28.1 in [KL]. 



3.4 Comparison of coinvariants. 

3.4.1. Given V e 0+ , X,Y e V and W e we consider F-modules 

P(V, X, Y, W) =^ {V ®X)[t]®Y® W, P{V, X, Y, W) =^ (V^X) [t] {Y®W) and 

Q{V, X, Y, W) =^ {V(^X) [t]®{Y(^W). We will often write P, P and Q instead of P{V, X, Y, W), 

P{V, X, Y, W) and Q{V, X, Y, W). For any n G N we define '^P =^ PO^ A^, "P =^ ^®.i^n, 

and =^ Q <Sia An- We denote by C^P), ("P) and ("Q) the corresponding ^^-modules 

of coinvariants. 

The natural imbeddings V ® X ^ V^X ^ V®X and Y ®W ^ Y®W ^ Y®W 
induce the imbeddings ^P ^ ^P ^ and the corresponding A„-morphism of F- 
coin variants 

(^P) ^ f P) ^ (^Q). 

Theorem. The morphisms "cr and ^rj are isomorphisms for all V e , X,Y G V and 
W e 0-. 
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3.4.2 Proof: Let "Pq C be the ^^-submodule generated by vectors of the form 7p, 
where 7 e Fq and p e "P. In other words, "Pq is the kernel of the natural projection 
"■P — > (^P). We start with the following result. 

3.4.3 Lemma, a) (Z(»^)(n) ^{Y^W)ci "Pq 

b; (F ® X) ® (y (g) w)^ri) c "Po. 

Proof of Lemma: We prove part a). The proof of part b) is completely analogous. By 
the definition of the subspace {V_ (8) X_){n) it is sufficient to show that for any v E V ^ X , 
e y (8) and x e f,^, Iv] > n we have x~v<Siw e "■Pq. But this follows from Proposition 
2.4.16. 

3.4.4 Corollary. The map '^a : {^P) — >■ {^P) is an isomorphism. 
3.4.5. Consider the map 

"^•^^^ (V)-^ o ^^r) : CQ) ^ CP). 

Lemma. The map is surjective. 
Proof: Follows from Proposition 3.3.13 d). 

3.4.6 Proposition. Theorem 3.4.1 is true in the case when V and W are generalized 
Verma modules. 

Proof: In this case we have V = M. and W = Nl where A4. and N are nil-modules 
and it follows from Proposition 2.5.2 that the ^n-module "'P is free of rank equal to 
dim(A1 ® X ® y '^A^)uo • Therefore dimcC'P) = n ■ dmi{M ® X ®Y ® '^^)uo • On the 
other hand, it follows from Proposition 3.3.23 and the right exactness of the functor ( , ) 
that dimc("(5) < n ■ dim{M. X '^A/")uo- Therefore Proposition 3.4.6 follows from 
Lemma 3.4.5. 

3.4.7. We can now finish the proof of Theorem 3.4.1. Really for any V e 0+, W e 0~ 
we can find exact sequences Mi — > Mq — > F — > and Ni ^ Nq ^ W ^ such that 
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Mq, Ml are generalized Verma modules in and A^O; -^i are generalized Verma modules 
in Oj. Therefore it follows from Proposition 3.4.6, the right exactness of the functor ( , ) 
and the five-homomorphisms lemma that "^^ : {^Q) is an isomorphism. Theorem 

3.4.1 is proved. 

3.4.8 Theorem. Let T = T^^~^wy. The diagram 

{^Q{V,X,Y,W)) ^^^^^^^^^^^^^^^^^^^ 

{-P{V,X,Y,W)) (^v^^^^K^^v^- {-P{T{V),T{X),Y,W)) 
is commutative. 

Proof: We decompose the diagram into a sequence of simpler diagrams whose commu- 
tativity was proven already. 
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{^Q{V,X,Y,W)) 



{''{{V®X)[t\®{Y®W)) 



{''{{V^X)[t]®{Y^W)) 



{''{{V®X)[t]®{Y®W)) 



{''{{V®X)[t]®{Y®W)) 



\P{V,X,Y,W) 



V&iX 



(1) 

(2) 



(3) 



(4) 



(5) 



(T-^(g)id)o"5 



(6) 



("Q(r(F),r(x),y,w-)) 



((T(]/)®T(X))[t]®y®W^) 



{{v®x)[t\®r-^{Y®w)) 



{''{V^X)[t\®T-^{Y®W)) 



{{V ®X)[t\®T-^{Y^W)) 



(7) 

(T-^(g)id)o"5x,v,y(8iw 



^p(r(y),T(x),y,w^)) 



where the commutativity of (1) follows from Theorem 3.2.2, the commutativity of (4) from 
Theorem 2.5.7, the vertical map in (2), (3), (5) and (6) are isomorphisms coming from 
natural imbeddings (see Theorem 3.4.1) and the right vertical isomorphism in (7) comes 
from the natural isomorphism (M) — > {T{M)) as in 1.1.13. Theorem 3.4.5 is proved. 
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3.4.9. Fix z as in 3.1.7, V in 0+, W in Oj, X, y in P and define u = (zq^^)-^. For 
any n e N we define "i? =^ Hom^„(('^Q(y, X, Y, W)), ("P(y, X, Y, W)) and 

^i?' =*'HomA„(C(5(T(y), T{X), Y, W)), C^P(T(y), T(X), Y, W))) and denote by the 
^„-finear map from "i? to "i?' such that "V'(a) = (Ty^(g)i(i)o"5v,jf yg)^o(a-Ty^j^0id). 

3.4.10. The tt-hnear isomorphism u which we constructed in 2.4.22 define an tt-hnear 
isomorphism u = {u)~^ such that u : ^R' "i? and we define "V =^ tt o "'V'. Then 
"V : "-R — > "i? is a w-hnear automorphism. We can restate Theorem 3.4.8 as follows. 

Theorem. "V("C) = ""C- 
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§4. Finite-dimensional representations 



4.1 The category V. 

4.1.1 As before, we denote by T> the category of unital finite-dimensional U-modules 
M such that Z acts on M as identity. 

Remark: If U is the quotient of U by the ideal generated by Z — 1 we can identify V 
with the category of finite dimensional unital U-modules. 

It is clear that T> has a natural structure of a strict monoidal rigid category (see §1). 

4.1.2. The algebra U admits "loop- like" generators x^, /i^fe, i e /, G Z such that 

hio — Ki, xf^ = Ei, i E I; and the generators are subject to certain commutation relations 

explained in [D2] (see also [Bel]). We will use only the following relations: 

(a) [hik,hje] = 

iP) [hik,x%] = ±^[kaij] ■ xf,^^^ 

(7) i^tk^^'i 



„+ ™-l _ 5ij{0i,k+i-'Pi,k+t.) 
-■ik^-^jei ~ q-q-^ ' 



where [m] = ^ and the elements Oi^p and ^Pi^p^ p > 0, are defined from the relations: 

p>0 p>0 

exp{{q - g~^) E ^ip'^^) ^ 1 + E ^i^ip'^^^ 
where we consider r as a formal parameter. 

4.1.3. Let (resp. A~) C U be the subalgebra with unity generated by x^, hik-, i & I, 
where A; > (A; < resp.). 

Proposition. For any X = (p, X) in V we have p(A+) = p{A~) = p(U). 

Proof: We prove that piA^) = p(U). The proof of the equality p{A~) = p(U) is 
completely analogous. 

Let H{n) C U be the span of hik,k > n, 1 < i < r. Put H = r\n^iqp{H{n)). Since 
dime End X < 00 there exists N > such that H = p{'H{N + p)) for any p >0. 

53 



Let us prove that for any £ < 0, p(ici^) £ p(^"'"). Fix a vertex jo G / such that 
%oi 7^ 0- Then 

[p{hjoN),p{x+J] = ^[/^Oioj]p(a;J), 

where m = £ — N. 

We have p{hj^^N) & H = piTi^N + for all p > and therefore p{hj^^N) lies in 
p{T-C{N — £ + 1)). Since pihj^jsi) lies in p{7i{N — £ + 1) we can write pikj^^) as a linear 
combination of operators of the form p{his)i i E I, s > N — £. Therefore f [^aj,£]p(a^^) is 
a linear combination of operators of the form 

[p{his),p{xfj] = ^[kaij]x+^^^, s> N-£, m = £-N. 

Therefore we see that ^[kajQj]x^^ lies in Since the number q is not a root of 1 

we have ^[kaj^j] ^ 0, and therefore p(x^) G p{A'^). In a similar way, one shows that 
p{x~g) G p{A~^) for any £ G Z. p{hik) G for /c > and for any i G /, we have: 

p(^ifc) G p{A+) for A; > 0. The relation (7) in 4.1.2 implies that p{(pik) G p{A+) for A; > 
and all i E I. Since (pik = ^^fc = if A; < we see that the images of all Drinfeld's 
generators of U belong to p(A+). Proposition 4.1.3 is proved. 

4.2 Endomorphisms of tensor products. 

4.2.1. Let F = C[t]) be the field of fractions of A{= C[t]), A = C[[t]] be the completion 
of A and F be the field of fractions of A. It is clear that X{t) = X[t] <^a F and X{{t)) = 
X[t] (8)A F carry the structures of Uf and U;p-modules respectively. We will denote them 
by Xit) = (pxw,X(t)), Xm = ipxm),Xim. 

For any X = px),^ = (H^Pf) in "Z^, the F-module structure Px[t] ® pv on 
X[t] (8)c Y_ defines a F-module structure on finite dimensional, respectively, F and F vector 
spaces 

X{t) ® Y =^ (X[t] 0Y)0aF and X({t)) ®Y= {X[t] ® Y) ®a F. 

We denote the corresponding F- modules hy X{t) <SiY = {px(t)igiY, K.{t) <8) Y_) and 
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X{{t)) y = {pxm)^Y,X{{t)) ® Y). We denote by Px((t))®r (U^) C End(X((t)) ® y) 
the F-space of the image of Px{{t))^Y- 

4.2.2. For any X,Y inV we denote (as in 1.1.10) the ring of endomorphisms of X and Y 

def 

to be Ex, Ey and denote by E the tensor product E = Ex,y = Ex ®c Ey- Let 

£= Endu-{X{{t)) 0c Y), E = Endv^{X{t) ®c Y). 

Then £ (resp. has a natural structure of an F (resp. F) module and we have a natural 
imbedding E ^ £ ^ £. 

4.2.3 Theorem. The natural morphism E ®c F ^ £ is an isomorphism. 
Proof: We start with the following obvious result. 

4.2.4. Let X, y be finite-dimensional F- vector spaces, Bx C End-p{X) , By C End-p(Y) 
be F-subalgebras containing idx_ and idy_, Ex and Ey be centralizers of Bx and By in 
End-p{X) and End-piY) respectively. 

Lemma. The centralizer of Bx ® -Br in End-p{X_ ®Y) ^ End-p{X) ®^ End-p{Y_) is equal 
to Ex (8) Ey. 

Proof: Well known. 

Since (U;p) C Px{{t)) (U;p)cg)p-py (U^p), Lemma 4.2.4 shows that the following 

result implies the validity of Theorem 4.2.3. 

4.2.5 Proposition. For any X = {px,X), Y = {py,Y) in V 

Px((t))®y(r) D Px((t))(U;p) ®ppy{\5p). 

4.2.6 Proof of Proposition 4.2.5: Let Bx =%x(U) c Endc{X), 

By =^ py(U) C Endc{Y}, p : EndA{X_[t]c ®c Z) ^ Endc{X ® y) be the reduction 

def 

mod m, where m — tA d A and p be the composition 

p = po px[[t\]®Y ■■ r — > Endc{X (8) y) = Endc{X) ®c £^ndc(y)- 
Nakayama's lemma shows that Theorem 4.2.3 is a consequence of the following result. 
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Claim. p(r) d Bx <^ By 

4.2.7 Proof of Claim: It follows from [Be], Th. 4.7 and Prop. 5.3 that for any k > 0, 
i & I we have hik, x^f, e T and moreover for any a e {hik,xfj^}, i & I,k > we have 

{id (g) ilj)A{a) - a (8) 1 e m(UA <S)a Ua). 

Here means the automorphism defined in 2.4.2. Therefore p{a) = px{<^) ® idy and we 
see that p(r) D px{A'^) idy- As follows from Proposition 4.1.3, p(r) D Bx ® ^ci. 

Analogously we see that for any i e I,k < and x e {hik,xf^} we have i^'^a e F 

and {id (g) i(;)A{t~'^a) - 1 (g) a G m(U^ (g) U^). So p{t~^a) = 1 (g) a and we have p{r) D 
icZx g) py (^~)- As follows from Proposition 4.1.3 we have p{T) D idx <g) By. This finishes 
the proof of the Claim. Theorem 4.2.3 is proved. 

4.2.8 Corollary. The natural morphism E (g)c F ^ S is an isomorphism. 

Proof: We can consider £ and EndF{K{{t)) <8) Y_) as subspaces in End;p(X((t)) ig) Y_). 
Then £^ = E r\EndF{X^{t) ®Y_) and the Corollary follows immediately from Theorem 4.2.3. 

4.2.9. Let G_ be the algebraic C-group such that G{C) is the group of invertible elements 
in Ex <g) Ey. We can restate Corollary 4.2.7 in the following way. 

Corollary. The natural morphisms G{F) Aut{X{t)®Y) andG{F) Aut{X{t) ® Y) 
are isomorphisms. 

4.2.10. Since the group G is defined over C any automorphism rj of the field F preserving 
the subfield F C F defines group automorphisms of groups Aut{X{t)®Y) and Aut(X((t))g) 
Y) which we denote by rf. 

4.3 Intertwiners from X{t) ®Y to Y X{t). 
4.3.1. For any X,Y mV we denote by 

J c Homv-{x{{t)) y, y ® X{{t))), 

J C Homv^ {X{t) y, y X{t)) 
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the subsets of morphisms which are isomorphisms. The group G{F) acts naturally on 
J:ia,f)^af,aeJ,feGiF). 

Let Hom (X(t) ®Y,Y®X{t)) be the F-linear space Hom\jp{X{t) ®Y,Y ® X{t)) 
considered as an algebraic variety. 

4.3.2 Lemma, a) J is a set of F-points of a Zariski open subset J_ in a linear subspace 
of Hom (X(t) ®Y,Y ® X{t)),J = J(F) and the action of G{F) on J comes from an 
algebraic action of G on J_. 

b ) Either J_ is empty or G acts simply transitively on J_. 

Proof: Clear. 

4.3.3 Proposition. For any s & J there exists an element f e G{F) and such that 
s = sof, where sq G J- 

Proof: Since the algebraic C-group G is a group of invertible elements in an algebra E 
(see 4.2.2) it is isomorphic to a semidirect product LkN_, where L is a direct product 
of a number of general linear groups and iV is a unipotent group. Let G_{F) be the F- 
group obtained from G by the extension of scalars from C to F. Then G_{F) is also a 
semidirect product of Lp and N_*p , where Lp is a direct product of general linear groups 
and N_p is unipotent. As follows from Corollary 4.2.8 and Lemma 4.3.2 b) ^ is a principal 
homogeneous G-space. It follows from Proposition 1.33, Propositions 3.1 and 3.6 in [S] 
that J 4> ^iid moreover J = G_{F)J. Proposition 4.3.3 is proved. 

4.4 The functional equation. 

4.4.1. For any X = {pxiX)-, Y = (pytY.) in ^ we denote by Sx[[t]],Y ^ the inverse 
limit of elements "'Sx[t],Yj where ^sx[t],Y are defined in 2.4.19. It can be treated as a linear 
map X[[t]] ®Y^Y® X[[t]], where X[[t]] = X^A. 

Lemma. There exists an element f e G{F) such that sx[[t]],Y-f~'^ ^ >J and such an element 
is unique up to a left multiplication by an element in G{F). 

Proof: Follows from Proposition 4.3.3. 
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We denote by IIx,y the subset of all elements f e such that Sx[[t]],y " f""*^ ^ J • 

Corollary. Lx,y is a left G{F) coset in G{F). 

4.4.2. Let r] be the continuous automorphism of the field F over C such that r]{t) = q^^ -t. 
Let rf be the corresponding automorphisms of the groups G_{F) and G{F) (see 4.2.10). 

Theorem. 7]{Cx,y) = ^x,y- 

4.4.3. We start the proof of Theorem 4.4.2 with the following observation. Let 

J* cHomu^(X(t)®y*,y*(8)X(t)), J* Giiomu_{X{{t))^Y*,Y* ^X{{t))), 

J** C Homu^(X(t) ®X(t)) T* CHomu-(X((t))®y**,y**®X((t)) 

be the subsets of isomorphisms as in 4.3.1 and we denote by J^* the algebraic subvariety 
of the linear space Hom(X(t) <^Y*,Y* <^ X{t)) corresponding to J*. 
There exists an action 

(/>: {E°^®E°^) X Homu^(X(t) ^Homu^(X(t) 
of the algebra ® on the space Homu^ {X{t) ®Y*,Y* ^ X{t)) such that 

(t>ia, fx ® fr) = (id <^fx)oao (id (g) f^) 
for fx e Ex, fY e Ey: a e Homu^(X(t) ® Y*, Y* O X{t)). The action (p of the algebra 
[Ex (8) Ey)"^ on B.om{X{t) ® Y*, Y* ^X{t)) defines an algebraic action {a,g) i — > a*g of 
G{F) on J* such that a*g = (l){a,g-^) for aej*,ge G{F). 

4.4.4. We consider as an element in J and denote by M.x,y* C G_{F) the set 
of all g e G(F) such that {sx[[t\],Y*) * {g~^) ^ J*- 

Lemma. Mx,y* is a left G{F) coset in G{F). 
Proof: Clear. 

4.4.5 Proposition. Mx,y* =C,x,y- 

Proof of Proposition: Consider the action if) of the algebra Ex ® Ey on the space 
Homu^(y* ® X{t), X{t) ® Y*) such that ^{h, fx ® fr) = [id fy) o 6 o [id ® fx) for 
fx e Ex,fr e EY,beRomuAy*^x{t),x{t)^Y*). 
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Lemma. For any a e J*, g e G we have (a * g)~^ = '^{a~^,g). 
Proof: Follows from the definitions. 

4.4.6. The action if) defines an algebraic action {h, g) i — h^g of G_{F) on 

Homu^(y*®X(t),X(t)®y*) such that b<}g = t(j{b, g) for b G Homu^(y* ® ® 
^*)) 9 £ Q-i^)- follows from Lemma 4.4.5 we have 

Mx,Y* ^{ge G(F)\s-\^^^^y.^g-' e Hom(F* ® X{t), X{t) ® F*}. 

4.4.7. Now we can prove Proposition 4.4.5. Choose any fx,y £ ^x,y- Then we have 
Sx,Y = Oi-fx,Y, where a e JT". As follows from Proposition 1.1.18 wc have '/'xp] ('^-'^ [W]>'^) ~ 
^'x[[t\] Y*- ^'x[[t]] Y* ~ ■ f^>^)- Proposition 1.1.10 the right side is equal to 
<^^'|^^]](a)Ofx,r- Since ^^x^t]] ni^PS Homuj.(X(t) (g) y, y into 

Homujr(y* ® X{t), X{t) (8) y*) we see that fx,r e Alx,y*- Proposition 4.4.5 is proved. 

4.4.8 Proposition. £x,y* = Mx,y for all X,Y in V. 
Proof: Completely analogous to the proof of Proposition 4.4.5. 
Corollary. Cx,y** = ^x,y- 

4.4.9. For tt G C* we denote by 9u the automorphism of the field F such that 9u{t) = ut. 
We also denote by 9u the continuous extension of 9u on F. The automorphism 9u define 
automorphisms of the groups G{F) and G{F) which we denote by 9u- 

Lemma. For any X, Y in V and u e C* we have 

^r^{x),Y = 9u{Cx,y) and Cx,ru{Y) = 9~^{^^x,y)- 

Proof: Follows immediately from the definitions. 

4.4.10. Now we can finish the proof of Theorem 4.4.2. Really it follows from Corollary 

4.4.8. Lemma 4.4.9 and Proposition 2.1.15. Theorem 4.4.2 is proved. 

Corollary. For any fx,y e >Cx,y we have 

(*) ^(fx,y)fxV e G{F). 
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4.4.11 Lemma. There exists fx,Y e J^x,y such that fx,Y and <^Y_ preserve 

X[[t]]®Yc X((t)) Y and fx,y (0) = id. 

Proof: The standard (profinite) topology on F defines a topology on the group G{F). 
Since the group G is a semidirect product L \K N, where L is the direct product of a 
number of copies of GL ^ and iV is a unipotent group, the subgroup G{F) is dense in 
G{F). Lemma 4.4.11 follows now immediately from the equality = (mod m), 

where a :X(8)y^y(8)Xis permutation as in 2.3.3. 

4.4.12. Let Amer be the subring of the power series which converges in a neighborhood 
of zero and define a meromorphic function in C. 

Proposition. For any X, Y in V there exists fo e G{Amer) which satisGes the condition 
of Lemma 4.4.11. 

Proof: Choose any fx,Y e Cx,y and define r =^ ?7(fx,y)fxV- follows from Theorem 
4.4.2 we have r E G{C{t) n A) and r(0) = Id. Consider the equation 

(**) m)r' = r 

on f e G_{A). It is easy to see that there exists a unique solution fo of (**) in G_{A) such 
that fo(0) = Id and moreover any solution of (**) has a form f = fo • c for some c G G{C). 

oo 

One can write fo € G{A) as an infinite convenient product jo{t) = j^r~^(g^'* '^t). It is 

n=0 

easy to see that this product is also convergent in G_{Amer)- Proposition 4.4.12 is proved. 
Corollary. The map sx[[t\],Y from X_®cYL®c A toY_® X_® A maps the subspace 

X (8)C H <H)C Amer toY(^cX Amer- 

4.4.13. As follows from the previous Corollary we can consider s = sx[[t]],Y as a mermor- 
phic function in t with values in the space Homc(X ® H, H The union of the set of 
poles of s and the points t e C such that s{t) is not an isomorphism is denoted by Ax,y- 

Lemma. Ax,y a discrete subset of C. 

Proof: It is clear that either Ax,y = C or it is discrete. Since s(0) is invertible, 
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Ax,y 7^ C The Lemma is proved. 



4.4.14. Let V^'^^ be the fuU subcategory of the pair of objects in (X^Y) in V such that 
1 ^ Ax,F- As follows from Lemma 4.4.13 for all pairs {X, Y) in T> we have 
{Tu{X),Y) e P^^) for aU w in a dense open set C* - Ax,y- We can consider (P^^^ s) as a 
weak braiding on T> (see 1.2.1). 

Proposition. The data {C,V,Of,s±,T±,V^^\s) is a rigid KZ-data for all z such that 
zq^^ e C* — 0>o, where T± = Tg±i, s±(^v,x) {sv,x)^^, and sv,x is as in 2.3.3. 

Proposition: Follows immediately from the definitions and 4.4.14, 2.3.8. 

4.4.15 Remark.: Similarly to 4.4.3 one can prove that "the square of weak braiding" 
sx,Y{t)sY,x{t~^) is an elliptic function on the curve C*/g^'*^^ with values in Homc(X(g) 

y,y®x). 
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§5. The quasi-associativity morphism. 

5.1 The definition. 

5.1.1. Fix z such that z^'' e C* - 0>o and U-modules V in 0+, in Oj, X, y in V. 
We assume that {z'^^f'^ ^ kx,Y for m e Z. Let P = P{V, X, Y, W) be the T-module as 
in 3.4.1 and (P) the corresponding A-module of coinvariants. 

Proposition. (P) is a Gnitely generated A-module. 

Proof: As foUows from Proposition 3.1.8, there exist exact sequences M[ Mq ^ F — > 
and A'^^ Nq ^ W ^ where and A^ are generalized Verma modules in and 
0~, respectively, k = 0, 1. Therefore Proposition 5.1.1 follows from Lemma 2.5.5 and the 
right exactness of the functor ( ). 

5.1.2. Let Q, "P, ""Q be L-modules as in 3.4.1 and {Q), (^P) and {""Q) be the correspond- 
ing modules of coinvariants. 

Proposition, a) (Q) is a Unitely generated A-module. 
b) The natural An-module morphisms 

"ttp : (P) ®A ^ fP) and ""ttq : (Q) ®a A^ ^ CQ) 
are isomorphisms for all n e N. 

Proof: a) Follows from Proposition 5.1.1 and Theorem 3.4.1 and b) follows from Propo- 
sition 2.5.4. 

5.1.3. For any n e N we denote by : (P) <Sia A^ — > (Q) (8)^ An the composition 
= ("^7rp)~^ o "^^ o ^ttq where is the isomorphism from {"^Q) to (^P) as in 3.4.5. 

It follows from Theorem 3.4.1 and Proposition 5.1.2 that "^^ is an isomorphism for all 
n e N. It is clear that the isomorphisms '^^ are compatible with the natural projections 
(P) i^A An+1 (P) (8)A An and (Q) <^a An+i (Q) ^A An. Therefore the family 
defines an isomorphism ^ : (Q) — > (P) of ^-modules, where (Q) =^ lim(Q) (g)^ An, 
(P) =^ lim(P) ®A An and A = limA^. 

Since (P), (Q) are finitely generated A- modules we can identify the A-modules (P), 
(Q) with the tensor products (P) (g)^ A and (Q) i^a A correspondingly. 

Let Amer be the ring as in Section 4. 

62 



5.1.4. Let (P)mer '= (P) ®A ^mer, {Q)mer '= (Q) ®A ^mer- We Can identify (P) with 

{P)7ner ®A^e. ^ ^nd (Q) with (Q)„ier ®A^er- ^• 

Theorem. There exists an isomorphism ^mer '■ {Q)mer—^ {P)mer such that ^ = ^mer ® 1- 

Proof: For any n e N we denote by '^R the A^-module Hom^^ (("^Q), ("P)) and by "^V 
the w-hnear automorphism of "i? as in 3.4.10. 

Let R =^ hm "i?. We can identify R with the Xmodule Hom;^((Q), (P)). Let 

Rmer =^ Hom^^^^ ( ((5)^ej,, {Pmer))- OuB Can consider i?,Tier an A^e^-submodule of 
i? and R — Rmer ®Amer ^- We denote by V the u-hnear automorphism of the module 

— def 

R = hm ^R which is the projective hmit of "^V. 

5.1.5 Lemma. V{Rmer) C Rmer- 

Proof: FoUows from CoroUary 4.4.12, Proposition 2.4.22 and the definition of V. 

5.1.6. Our proof of Theorem 5.1.4 is based on the following result. 

Proposition. Let (p : Dr M„(C) be a holomorphic function in a disc 

\t\ c Dii = {t e C\\t\ < R} such that det ^(0) ^ 0, ij; : C ^ G'L^(C) be a polynomial 

function, p a complex number such that < |p| < 1 and F{t) E A ®c Mn{C) be a formal 
power series solution of the difference equation 

(*) F{pt)m=^it)Fit) 

such that F{0) = Id. Then the series F{t) is convergent in the disc \t\ < y^^^jiqii • Moreover 
if (fit) has a meromorphic continuation to C then F{t) has a meromorphic continuation to 
C. 

Proof: As follows from (*) we have (p{0) = ip{0). Let us write the expansions for (pjip 
and F 

oo N oo 

3=0 3=0 3=0 

Then we can rewrite (*) in the form 

3 N 

(**) P^fM^) - fi^)f3 = Yl ^kfj-k - fj-ki^k- 

k=l 
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Since is convergent in we have ||<^j || < r ^ for all r < R. Let Kj be an endomorphism 

Hpf 

of M^(C) such that KjM = pJM(f{0) - ip{0)M for M C M^iC) and K > be a constant 
such that < K for j ^ 0. Let us prove that < C{r/K')~^ suitable constants 

K' and C. This will imply the validity of the first part of Proposition 5.1.6. 

5.1.7. Applying the norm to both sides of (**) we get an inequality (for j » 0)) 

m\<K'Ct.r-^\\f,-k\\). 

k=l 

This implies that the sequence \\fj\\ is dominated by the sequence gj which satisfies the 

j 

equalities gj = K'C^r~'^gj-k) for all j ^ 0. The sequence gj satisfies the equation 

fe=i 

rgj+i/K' — gj/K' = gj and therefore gj is a geometric progression. So fj is dominated 
by a geometric progression and therefore F(t) is convergent in a neighborhood of 0. If (p 
has a meromorphic continuation to C, it follows then from (*) that F has a meromorphic 
continuation to C. Proposition 5.1.6 is proved. 

5.1.8 Corollary. Let L,M be finitely generated A-modules, (p e {End L) ®a Amer, 
ip e {End M) and ^ e Hona{L, M) ®a A be such that 

(p{0) e Aut L/tL, V(0) e Aut M/tM, ^(0) G Isom{L/tL, M/tM) 

and the formal power series ^ satisfy the equation 

i{pt)^^{t)mm- 

then ^ e Hom{L, M) ®a Amer- 

5.1.9. We can now prove Theorem 5.1.4. We put p = {zq^ )~^. As follows from Proposi- 
tion 3.1.8 it is sufficient to prove Theorem 5.1.4 in the case when V and W are generalized 
Verma modules. In this case it follows from Proposition 2.5.2 that P and Q are free A- 
modules and the result follows from Theorem 3.4.8 and Corollary 5.1.8. Theorem 5.1.4 is 
proved. 
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5.2.1. Let 2;, y, W, X and Y satisfy the assumptions of 5.1.1. It follows from the Theorem 
5.1.4 that there exists a small disc \t\ < e such that ^mer defines an isomorphism of {Q)mer 
and {P)mer at any point of this disc. Since \zq'^\ > 1 we can find an even integer m < such 
that \{zq'^ )"^| < e so we get an isomorphism of {Q) and (P) at to = )"^- Iterating 
w-linear isomorphism V from Lemma 5.1.5 and using Corollary 2.4.22 and the condition 
(zq^^)'^ ^ Ax,Y, for n e Z we obtain the isomorphism of (Q) and (P) at ti = 1. 

5.2.2 Proposition. We have constructed a functorial isomorphism 

V : {V®X, Y®W)ij ~ {V,X,Y,W)ij 
where (• )u denotes the vector space ofU-coinvariants. 

5.2.3. Corollary. Let z, V, X and Y be as in 5.1.1. Then the isomorphism V from 5.2.2 

gives rise to the functorial quasi-associativity constraint 

av,x,Y : {V^X)(bY ~ V(b{X ® Y). 
It satisfies the pentagon axiom (see [M]) with respect to X and Y. 

Proof: Follows from 5.2.2 in the same way as the isomorphism 18.2 (b) follows from the 
theorem 17.29 in [KL]. 

5.2.4 Remark: The following is the tautological reformulation of 5.2.3. We say that X 
and F in "D are in generic position with respect to the elliptic curve E = C*/{q^^ z)"^^ if 
the image of Ax,y under the natural projection C* ^ E does not contain the unity of the 
group If X and Y are in generic position with respect to the elliptic curve E then 5.2.3 
holds. 
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